L’Hopital’s Rule
Let a represent a (finite) real number or co or — o

Fx)

Suppose lim,_,, f(x) = 0and lim,_, g(x) = 0. Then limx_,a—é(—x—) may or may not exist, and we call

the limit an indeterminate form of type % .

F(x)

Similarly, suppose lim,_,, f(x) = # oo and lim,_,, g(x) = 0. Then lim,_,, 2(x) May or may not exist,

and we call the limit an indeterminate form of type -ES .

L’Hépital’s Rule
Suppose f and g are differentiable functions and that lim,._,, fg ; is an indeterminate form of the type =

or g Thenlim,_,, fE ; lim,_,, f,E 3 provided that the limit on the right exists.

Note
- Ifthe limit on the right does not exist (is o or — o) then the limit on the left does not exist.
- If the limit on the right still gives an indeterminate form of the type g or g, we keep using
L'Hopital’s Rule {or a factoring or rationalizing technique) as needed.
- There exist other types of indeterminate forms, such as 0 - co and oo ~ <0, to be discussed later
in this section.
5x3-13x%+6x
Example 1 Find lim,._,, T Ao

Since lim,.,(5x% ~ 13x2 + 6x) = 0 and lim,_,(4x? -~ 13x + 10) = 0 we can apply I'Hépital’s Rule.

i 5x% - 13x% + 6x . 15x% - 26x+ 6 15(2)* - 26(2)+ 6 14
o2 AxZ— 13x+ 10 x5z 8x-13 8(2)- 13 3
. . 10x+5
Example 2 Find lim,_,¢ —7iia

Since linm,_,(10x + 5) = oo and lim,_,(3x% - 7x + 4) = o we can apply 'H6pital’s Rule.

10x+5 10
32 Txt 4 b ex- 7
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X
Example 3 Find lim,_, I:ES?E

Since limyp(e*) = 1 and lim,_ (1 - cosx) = 0 we can NOT apply 'Hopital’s Rule.

» ex
lim ———— = o0
x-01 - cosx

cosx~—1

Example 4 Find limy_,o ——

Since limy_,g(cosx - 1) = 0 and lim,_o(e* - 1) = 0 we can apply 'Hopital’s Rule.

I cosx —~ 1 lim sinx ~sin0 0 0
im = Im = = - =
x-0 e¥~-1  x-0 e* et 1

. . 7Vx-1
Example 5 Find hmx,,1+ m

Since limx_,1+(7\/x - 1) = 0 and lim,_+sin(x - 1) = 0 we can apply I'Hopital’s Rule.

7
Nx-1 A 7

lim ——— = lim === |j =
xiﬁl sin(x - 1) xfﬁl cos(x - 1) x—l—>r11]+ 2vx - 1cos(x - 1) @

3in(5x+3)

Example 6 Find lim,_,q PTG

Since lim,_, 3In(5x + 3) = o and lim,_ 2In(x + 4) = o we can apply I'Hopital’s Rule.

3(5)
i 3In(5x+ 3) i BX* 3 _ 1 15(x + 4)
ll-;nc}o 2In{x + 4) - xl—g}o 2 - xglc]o 2(5x+ 3)
x+ 4

The limit on the right is also indeterminate {type g), so we can apply I'Hbpital’s Rule again.

31n(5x+3)_1. 15+ 4) 15 3

lim ——— = = lim—=
oo 2In(x + 4) erQoZ(Sx-r 3) xl—argwl() 2
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Other types of indeterminate forms

In the event that the limit lim,._,, f(x)g(x) produces an indeterminate form of type 0 - oo, we can

convert it into an indeterminate form of type % or g by writing the product f(x)g(x) as a quotient

feg@) = L2 or f0g() = L2

g(x) &)
Example 7 Find lim, o+ xInx
Since lim, ¢+ x = 0 and lim,_ ¢+ Inx = ~ oo the limit is an indeterminate form of type 0 - 0. We

must first convert this product into quotient lim,,_, ¢+ iﬁ, which gives an indeterminate form of type g—
X

Using I'HoOpital’s Rule, we have:

1
. . Inx % .
lim xInx= lim —= lim == lim -x=0
x>0+ x—ot 1 x-0t = x>0+
X x2

Example 8 Find lim,_,, x tan (1)

x
Since lim,_, x = o and lim,_ tan G) = 0 the limit is an indeterminate form of type 0 - 00, We

an( )

. . . tani - . . . . 0 .
can easily convert it into the lim,,_, ., —=* which gives an indeterminate form of type > Using

=

=

VHopital's Rule, we have:

X300 X X200

1 ”1 2 1
1 tan{- —sec = 1
lim x tan (—) = lim ————i(l—)— = lim —x—z———Q = lim sec? (——) =1
x

xZ

Example 9 Find lim,_, x3e”

It is not difficult to see that the limit is an indeterminate form of type 0 - co. We can easily convert it
3
into the quotient lim,_, -5;5 which gives an indeterminate form of type g— Using I’Hépital’s Rule twice,

we obtain:

a2 oxP o 3x? . 3x ' 3
lim x°e™ = lim — = lim 7= lim = lim 3
X300 x-vco pX x—w@ 2xeX x—oo 2pX x-00 4xeX
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In the event that the limit lim,_,,[f(x) - g(x)] produces an indeterminate form of type co -~ oo, we
can convert it into a type g— org by factoring out a common factor, by rationalization, or by using a

common denominator.

Example 10  Find lim,,(x - x?)

Since lim,_ex = o and lim,_, x% = o the limit is an indeterminate form of type oo - co. We
convert this by factoring a common factor:

lim(x-x*) = limx(1-x)= -
xXx—0oo

X C0

Example 11 Find lim,_, 0 (xe Y - x)

Since lim,., xe /x = o and lim,_,q X = o the limit is an indeterminate form of type co ~ co. We

factor out a common factor to obtain the limit lim,_,,, x (el/x - 1) which is an indeterminate form of

Yy q
type 0 - co. We then have to convert it into the guotient lim,_, f-—:——— which is now an indeterminate
X

form of type %. Using I'H6pital’s Rule, we have:

-1y 1
hon o (Sh)e
. 1Y _ o 1/, Y f_______z o\x?2) T Y
Jim (xe™ - x) = Jim x (e¥e - 1) = Jim —5—= lim 7= fim ek = 1
x x4

Example 12 Find limxwm(x - Vx+ 2)

It's easily seen that the given limit is of the indeterminate form of type oo ~ co. We can convert it into

an indeterminate form of type E using rationalization:

i i) = - D) (EE) - i TS

— = lm
X+ Vx+ 2 X0 X+ X+ 2

And then we apply 'Hépital’s Rule:

2
x“ - (x+ 2) 2x - 1
lim(x - vx+ 2)= lim —————~= lim ——— = ®
2Vx+ 2
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Example 13 Find lim,_,; (——— - ~——)

x-1 Inx

Since hmx_*l;’_%= oo and hmx,ﬂl—n—;z oo the limit is an indeterminate form of type co ~ oo, We

must first convert this using a common denominator:

I (x 1)_1_ ( xInx x=-1 )~I' xlnx-x+1
Pi\x =1 x5 (x-Dnx (x- Dinx At (x- Dlnx

Since limy_1(xInx - x+ 1) = 0 and lim,,;{(x - 1)Inx = 0 the limitis now an indeterminate form

of type —g. We can therefore apply I'Hbpital’s Rule.

= n = lim = lim
-1 (x- Dlnx “linx+ (;C-)(x— 1) inx+ 1—%

lim
x-—-1

1
(x 1)_‘ xInx-x+1 1UX+(3;)X'1 Inx
x-1 Inx

Since the limits of both the numerator and denominator are still 0, we apply I'Hépital’s Rule again.

1 1

17 1+1 2
xZ

ok

I ( X 1) . Inx I
m - —— | = lm = 1m
=i\x -1 Inx/ x-1p 1_515 x-+15];_
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EXERCISES Find each limit. Use L’Hépital’s Rule where appropriate. Otherwise use a more

elementary method.
. 2xP=3x~¢
1. llm—x*«—}—)

=3 x?=2x-3

4. lim— 70
x=oe Axy* +Tx+9

. 1=e
7. lim ¢
=0 2x
. 1—cosx
10. lIim———
x=0 §inx
. €3x
13. lim
= Inx
.oAfx—1
16. lim
xoe 4x+5
).\'+
19. limC X
== Inx

22. limi—w

25. lim,_,o+ x> Inx

28.limy o (x - Va2 + 1)

8.

i1.

14,

17.

20.

23.

26

29

4x* +x -3

x=0 gin3x

sin2x

lim—
0 SInx

; 2,-x
dimy e x%e

lim (1 ! )
. + =
207 \x ex—q
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.24, lim

C2xt=x?—4x+3
Iim 5 5
=1 3x” —=S5x"+x+]

. oxT=T7x-10
Hm ——rem—

xoe Gyt —x—1

. sinx
lim
x=0" ] —cosx

12, fim< XL
a0 5x~
15. lim
x-0" 1 —cosx
¢+
18. Iim—m()"—l)
21, lim In(x~10)

s== In(dx +1)

2x -1

e

X0 eSx -1

27.1im,_,o+ x tan (2)

X

30. limy, oo (Vx - x?)



SOLUTIONS

C2xt -xt-4x+3
3. lim— -
wl 3yt =5x7 +x +1

Tir 6x” —2x—4
=1 9x” —=10x +1
12x-2 10

i
[—
—
jour
oo
—

4. lim _ x5 ( type

x—e 4y +Tx+9

= lim
x—e By +7

!
3

i __eX 1
= lim =
x=~0 2 2
. x? 0
lim type %
=0 gin3x ( P O)
. 2x+] 1
= lIim— = —~
0 3c0s3x 3

lim _smx (type% )

l-cosx

. lim——ee (type% )

0 §inx

sinx
=0

= Hm
¥0 ¢OSX

sin2x

. lim—— (type% )

X0 g in X

. 2cos2x
= |lim——— = 2
X0} cOSX

1
—
=
ot




13. lim— (type2)
= nx
- im B2l (ipez)
5
- 111’1333663" = o
.ox—1 0
14. {_1.1}‘1 \/;_‘1 (tYPBU)
1
= |im [ ] =2
x—l “L‘
2Jx
‘ > 0
15. }113? 1—-cosx (typeo)
1
e l2vx
= lim
0" [sinx]
= lim e =
x=0" 2 xsinx
16. lim Jx-1 (type )
e 4y +5
]
i 24x -1
= lim
Xoa e [4]
= lim I =0
x—e 8 Iy —1

17. lim

ot (o)
1
= limx—ﬂ—
N 2O ....,].___
2&}
= lim x (type )
Xy
i
L ] R
Xr []] TN x
19. lim ¢ tx (type;)
x=— |p
= lim [QXH]
== 1
4
- l”};zx()\_i.l) -
im0 (ype)
20. {_13} = type g
e,\’-l
- l. -
xl-l—};l 3(x—~])2
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i}
i}

25, limy_g+ x3Inx (type 0 - o)

. Inx )
= lim,_ g+ —  (type =)

1

= li —x
= hmx_)0+ ppy—
3

= llmx_)0+:-3‘ =0

26. lim,_,, x%e™* (type 0 o)

2
= limyoe Z—x (type g)

. 2 oo
= limy.e 5 (type )

. 2
= hmx_,,m;;= 0

27.lim,_,¢+ x tan (—2-) (type O - o0)

=

. tan(»- P
= limyor —7%  (type )

X

N
S’

()2

= llmx__,0+ =

= lim,_ o+ 2 sec? (-ﬁ-) =2

28. lim, o (x = VX2 + 1) (type oo — o)

- ki (x=VxZ+1) (x+Vx%41)
7 Moo ™ (xtVi?ii)

- lim x2-(x2+1)
X0 e fxE e

-1 _

= liMysye—====0
X0 Xz +1
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29.

30.

. 1 1
lim,,_, g+ (; - ex_l) (type oo — o)

(e*~1)~x

. 0
= limy o 2ty (type )

= limy ot T (type )

1(eX~1)+(e¥)x 0

. e*

= lim,_ g+ pr T
o*

= lim, g+ ———
X207 ox(24x)

lim ! E
e T
x=20" (a4x) T 2

limy e (VX = x2)  (type o0 - )

= limyo VX (1= x72) = - 00
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