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1. Consider the following system of linear equations: 

               

                                             9x + 3y + z = 0 

                                             3x + 2y + z = 4 

                                             6x + 2y + z = 1 

 

a) Solve this system using the inverse of its coefficient matrix. 

b) Use Gauss-Jordan elimination to solve the homogeneous system whose 

coefficient matrix is the augmented matrix of the given system.   

c) Solve the system whose coefficient matrix is the augmented matrix of the given 

system and which has a particular solution (1, −1, −1, 1).     

 

 

2. Consider the following system:  

 

                                   𝑘𝑥 +              𝑦 + 𝑘𝑧 = 1 

                                     𝑥 +               𝑦 +   𝑧 = 1 

                       (2 − 𝑘)𝑥 + (2 − 𝑘)𝑦 +  𝑧 = 1     

                                  𝑘𝑥 +               𝑦 + 𝑘𝑧 = 𝑘2 

 

For what values of k, if any, the system has: (a) no solution, (b) a unique solution, 

(c) infinitely many solutions. 

 

 
3. Find all matrices A such that: 

 

a) [
1  1  1
0  1  1

] 𝐴 = 𝐼2       b) 𝐴−1 [
1  0  0
0  1  0
7 0  1

] = (3𝐼3 − 2𝐴)−1      c)  𝐴 [
1  1  1
2  2  2
3  3  3

] = [
6  6  6
2  2  2
3  3  3

] and A is 

an elementary matrix.   

 

4. a) Solve for 𝑥:  |
𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥

−𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥
| = |

1 1 1
𝑒𝑥 1 𝑒𝑥

1   𝑒𝑥 0
| 

b) If 𝐴 = [
𝑥 1 𝑥
1 1 1

] find the values of 𝑥 such that det(𝐴𝐴𝑡) = det(𝐴𝑡𝐴). 

 

c) If A is a 3 × 3 matrix such that det(𝐴) = 2 find det(𝑎𝑑𝑗(2𝑎𝑑𝑗(𝐴−1))).  
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5.  Given the points 𝐴(−3, 0, −1) and 𝐵(−2, 1 ,0). 

a) Find the point C on the YZ-plane (i.e. the plane spanned by 𝒋 and 𝒌) such the points A, B    
and C are collinear .  

b) Find the distance between the origin and the line passing through the points A and B.  

c) Determine whether the points A and B are on the same side of the plane 7𝑥 + 𝑦 + 𝑧 = 1.  

 

 

6. a) If 𝒖 = (0, 1, 1) 𝑎𝑛𝑑 𝒗 = (𝑝, 4, 𝑝) then find the parameter 𝑝 such that the angle between  

          vectors 𝒖 and 𝒗 is 
𝜋

3
 .    

     b) Show that if 𝒖 and 𝒗 are vectors in ℝ3 such that 𝒖 + 𝒗 and 𝒖 − 𝒗 have the same length  

          then 𝒖 and  𝒗 are orthogonal. 
 
     c) If 𝒖, 𝒗 and 𝒘 are vectors in ℝ3 then prove the identity:  

                                    (6𝒖) · (𝒗 × 𝒘) = −((𝒖 × (3𝒘)) · (2𝒗))   

 

 

7. Given the lines 𝓛𝟏:  (𝑥, 𝑦, 𝑧) = (1, 3, 0 ) + 𝑡(4, 3, 1 ),  𝓛𝟐:  (𝑥, 𝑦, 𝑧 ) = (1, 2, 3 ) + 𝑡(8, 6, 2 ),      

     the plane 𝓟:  2𝑥 − 𝑦 + 3𝑧 = 15 and the point 𝐴(1, 0, 7 ). 

     a) Show that the lines 𝓛𝟏 and 𝓛𝟐 lie in the same plane and find the general equation of  

          this plane. 

     b) Find the distance between the line 𝓛𝟏 and the Y-axis. 
     c) Find the point B on the plane 𝓟 which is closest to the point A.  
 
 

8. a) Let 𝐴 = [
1 2
0 1

]. 

          Determine whether the vectors 𝐴𝑇 , 𝐴−1 𝑎𝑛𝑑 𝐴2 are linearly independent in 𝑀2×2 . 

     b) Let  𝑆 = {(0, 0, 𝑥, 𝑦 ) ∈ ℝ4|𝑥 ≤ 𝑦 }. 

           Determine whether S is a vector space with standard addition and multiplication by 

           scalar of ℝ4. 

c) Let W  be the solution space of the homogeneous system whose coefficient matrix is:         

                                                       [
1  1  𝑘 
1  𝑘  1 
𝑘  1  1 

]       

Find the values of k such that W  is: (i) the zero space, (ii) a line through the origin, 

         (iii) a plane through the origin. 
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9. Let 𝑆 = {𝑝(𝑥) ∈ 𝑃2| 𝑝(1) = 𝑝(2)}. 

     a) Show that S is a subspace of 𝑃2. 

     b) Find a basis and the dimension of S. 

     c) Find the coordinates of the vector 𝑝(𝑥) = 5𝑥2 − 15𝑥 + 7 relative to the basis found in  

          part (b). 

 

10. Determine whether the following statement is true or false. Justify your answer with  

       a proof or a counterexample. 

       a) The planes 𝑥 + 𝑦 + 2𝑧 = 5 and (𝑥, 𝑦, 𝑧 ) = (1, 2, 3 ) + (1, 1, 2)𝑠 + (3, 0, 7 )𝑡 are  

            perpendicular. 

       b) If A is a matrix such that 𝐴2 is symmetric then A is symmetric. 

       c) If {𝒖, 𝒗, 𝒘} is a basis of a vector space V then {𝒖, 𝒖 + 𝒗 + 𝒘, 𝒖 + 2𝒗 + 2𝒘} is also   

             a basis of V.    

 

ANSWERS: 

 

1. a) (−1, 2, 3)         b) {(𝑡, −2𝑡, −3𝑡, 𝑡)| 𝑡 ∈ ℝ}        c)  {(1 + 𝑡, −1 − 2𝑡, −1 − 3𝑡, 1 + 𝑡)|𝑡 ∈ ℝ}   

 

2. a) 𝑘 ≠ ∓1           b) 𝑘 = −1            c) 𝑘 = 1 

 

3. a) {[
1       − 1

−𝑠     1 − 𝑡
𝑠             𝑡

] | s, t∈ ℝ }    b) [

1  0  0
0  1  0
7

3
  0  1

]        c) [
6  0  0
0  1  0
0  0  1

 ] , [
1  

5

2
  0

0  1  0
0  0  1

] , [
1  0  

5

3

0  1  0
0  0  1

]  

 

4. a) ln (2)         b) 1          c) 4 

 

5. a) (0, 3, 2)      b) √
14

3
      c) Yes 

 

6. a) -1     b) Hint: Use properties of dot product.    c) Hint: Use properties of scalar triple product.     

 

7. a) 5𝑥 − 6𝑦 − 2𝑧 + 13 = 0         b)  
1

√17
       c) (−

1

7
,

4

7
,

37

7
)  

 
8. a) Yes.      b) No.       c) (𝑖) 𝑘 ≠ 1 𝑎𝑛𝑑 𝑘 ≠ −2    (𝑖𝑖) 𝑘 = −2    (𝑖𝑖𝑖) 𝑘 = 1    

 

9. a) Hint: Use the theorem.      b) { 𝑥2 − 3𝑥, 1 }       c) (5, 7)  

 

10. a) True      b) False      c) False       


