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Chapter 1

Prealgebra Review

1.1 Sets of Numbers and Their Operations

College algebra is, to a large extend, the generalization to symbols and letters of the arith-

metic of the real numbers. So, let us first recall some important number sets:

e The natural numbers:
N={1,2,3,..};

e The integers, or as some call them, the whole numbers:

Z=1.,-3,-2-10123, .}

e The rational numbers:
Q={5 labeZb0)

e The real numbers: R which includes all the rational as well as irrational numbers;
every real number corresponds to a unique point on the so-called real number line also

known as real number axis:

the
origin

| | | Py | | |
@ >

-3 -2 -10 1 2 3




1.1 Sets of Numbers and Their Operations

The four fundamental arithmetic operations are:

Operation ‘ Examples ‘
Addition | 124 (=3)=9, (=7)+5=-2, (=12)+(-13)=-25
Subtraction 13-4=9, —2—(-3)=1, (-3)—d4=-7
Multiplication 12-3=136, 3-(=5)=-15, (=8)-(—4) =32
Division 44 -4 =11, _—18:—6, 3—;——, __—142_3

The most important properties of the real numbers R for the two operations + and - (or x)

are listed below. The numbers x, y and 2z can be any real numbers.

Property Addition Multiplication

Identity r+0=z r-l==x

Inverse r+(—x)=0 x - é =1, (z #£0)
Commutative r+y=y+x rTYy=y-x
Associative |+ (y+z2)=@+y)+z|z-(y-2)=(x-y)- =
Distributive r(y+z)=z-y+x-z

0
We would also like to recall that we have z -0 = 0 and — = 0 for any x # 0, whereas % is
x

undefined!

The order of operations agreement:

To prevent of any ambiguities the following order of operations agreement have been estab-

lished:

Step 1. Perform operations inside grouping symbols such as (), [ ], { } or fraction bar;

Step 2. Simplify exponential expressions (We will review exponentials in Section 1.3);

Step 3. Do multiplication and division as they occur from left to right;

Step 4. Do addition and subtraction as they occur from left to right.



1.1 Sets of Numbers and Their Operations

Exercises

1. Evaluate the following expressions:
(a) 24 — 134+ 12— 17
(b) 21 — (—14) — 43 — 12
(c) =18 =49 — (18 — 77)
(d) =37+ (—12) — (—13) + 17
(e) =25 +2(—31+1)—3(3—4)
(f) 17— (12 +5) +4(11 — (—11))

(g) (12-3(12-3))(3 -2(3 - 12))
-3+3

(i) 13— _13;3 + (—12)[-149 —§]

() 12 —24(8 — 5) = 4
(k) —4[16 — (7 —1)] + 10
(1) 6+ [4—(6—8)] —2(3+13)

(m) —27 +9 —4(15) — (=13 — 11)

b %j;{f) (12 = (—4))

1-13  —15+1
—2—4 " —3+410
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1.2 Operations on Rational Numbers

a
A rational number is a number that can be written in the form of 7 where a and b are integers

-2 135
and b # 0. The numbers = o and 0.35 = Tog 2% 2 few examples of rational numbers.
5
There are infinitely many real numbers which are not rational numbers, for instance /2, \/——

12
and 7.

It is easily seen that any integer is a rational number with denominator 1. Two fractions

are equivalent if one of them can be obtained from the other one by eliminating the common

3

8
factors from numerator and denominator. For instance the two fractions 0 and R are

equivalent because § = m = §
a 30235 5

Multiplication and division of rational numbers are defined as follows:

a ¢ ac
b d bd
a ¢ ad
b d be

The division of fractions can also be written by fraction bar as follows:
()
b/
(@)
d

To add or subtract fractions with different denominators, first we need to find the least

¢c_u
d b

_ ¢
b

common multiple (L.C.M.) of the denominators which is called the least common de-
nominator. After finding the least common denominator we will rewrite the fractions as

equivalent fractions with a common denominator and finally we follow the following simple

rules:
g+g_a+c
b b b
@_c_a=c
b b b



1.2 Operations on Rational Numbers

Exercises

1. Evaluate and simplify:

(o) o+

0) 1+ 3

(€) 5+ =

@ -

© -0

0 5 - (-7)

0) 35— 3(-3)

9 () +(D(52)
) (-G +2)
) 5+ 1(3)

0) G- 2)+ G+

(@ (5 + D0 3)

) (o G+ 3)
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1.3 Exponents

Repeated multiplication of the same factor can be written using an exponent.

Definition 1.1 a” (read" “a to the n-th power”) is an exponential expression, where n > 0
1s an integer, defined as
a"=g-a-a---a.
—

n times

In this exponential expression a is called the base and n is the exponent (or power ).

Note, in particular, that a* = a. We now extent this definition, as follows, to also include

the non-positive exponents:

a®=1 (a#0),
a”:a—ln (n>0, a#0).
Examples
Evaluate:
1. 12t =—12

2. 43=4-4-4=064

3. =5*=-5.5-5-5=—625

6. (1345)° =1

7. 127 = (12)1 - 1_12

8 2= =1

9 (=97 = (—13)3 -
10, (~4)2 = (_14)2 - =

La? is also read “a squared”, and a® is also read “a cubed”.



1.3 Exponents

Exercises

1. Evaluate the following expressions:
(a) 24 +23 —12+22
(b) 27+ (5 —2)>+ (=3)%-4

(c) (—3)2+12(—3*+T7)

e

)
)
)
(d) (=2)*- 3% — (162)! + 5°
) 16 —3(8 —3)2 =5
)

(
(f) 135 — 035 4 (=2 + 31!

(g) (8—3%)1% — (27 —9)™

(h) 18 +3—2%.5 32

(i) 18+ (9—2%) + (—372 4+ (-2)%)

() 7-B-(01-3)7

, 1-13
(k) 42—
o 32 (5

2(42 1) —52
(—4)*(=2)* . 37

(Hl) 25 - (_3)2
—12 — 22 2 —3°

(n) _ —9\2 90
10+ (—2) 30+5
B _22 2—2

() 127+ s~ =

o L woT e
Pl o5 (3) 2242 23

—110 424 4t 32
223 T 321
_32~24 70_07
W Em T apaa




Chapter 2

Polynomials, Roots and Radicals

2.1 Integer Exponents in Algebra

Definition 2.1 a” (read' “a to the n-th power”) is an exponential expression, where a is

the base and the integer n > 0 is the exponent (or power ), defined as

at=a-a-a--q.
N———

n times

Note, in particular, that a* = a. We now eatent this definition, as follows, to also include

the non-positive exponents:

a’ =1, and at=—
a
where a # 0.
The Main Properties
m m
.am_an:aern; o E :CL .
b b’
m
a m—n,
e — — (1 ; a—m bn
a” ° —
b= a™’
n
a b

b

. ( )_”_

La? is also read “a squared”, and a® is also read “a cubed”.

a

o



2.1 Integer Exponents in Algebra

Examples

Simplify and express the answer with positive exponents only:

(1)

(2)

(3)

(4)

(5)




2.1 Integer Exponents in Algebra
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Exercises

1. Simplify and express the answer with positive exponents only:

(a) (‘125; (m) (=20)7°6°(3a%7")"
) T8 o ()
aa? 2a-2p1 2
(c) (a*)3a0 (0) (_a—lb3)
@ L2 (—20y%)
-y (p) (3z-2y3)~2
(e) Ty’ (z2y~ 1)
(3y2) 1 %y
s (a) (y57-2)3
r "y
0 (52) ey

5?42;22—3 ) (%)2

(z7%y%) 2 (62%y°)

W () (LY M

iy ! (222%) L (z3y~2)°
(22°) (u) (—2)~3y—2

(—32) 1
510y~ . (—dz—By221) 2
(k) EM;—_zyQ v) (—20)3y—2:2)-3
(—2) 227 1y? (—2ab?)*(—5ab)?

G ) T )
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2.2 Polynomials and Their Operations

Definition 2.2 A polynomial in a variable, say x, is an expression in x whose terms may

be arranged in descending powers of x as follows
P(z) = apz™ + ap 12"+ -+ ayx + ag,

where n is a positive integer; an, an_1,...,a1 and ag (called the “coefficients” of P(x)) are
real numbers (positive, negative or even zero) and where the variable x may assume any value.

The highest power of x appearing in the expression is called the degree of the polynomial:
deg P(z) =n provided a, # 0.

And finally, the term a,x™ is called the leading term of P(z).

Notes: (1) A polynomial with one term only is often referred to as a monomial, a polynomial

with two terms as binomial, and a polynomial with three terms as trinomial,

(2) A polynomial may contain more than one variable in it, for instance P(x,y) = 2%y +
S5ry — y* is a polynomial in two variables and Q(a,b,c) = a® + b*> + % — ab — bc — ca is a

polynomial in three variables;

(3) If two monomials have the same variable(s) and the corresponding powers of all the
variables involved are equal, then the two monomials are said to be “similar terms” (or
“like terms”). For example, 4z2y2z% and —3z%y2? are like terms, whereas 5zyz? and 6xy?2>

are not like terms.

Arithmetic Operations on Polynomials

(I) Addition/Subtraction: To add or subtract two polynomials we simply add or subtract

the coefficients of the like terms. Here are some examples:
(1)
(222 =32 +5)+ (z°+ 100 —2) = 2+ D2* +(=3+10)z+ (5+ (-2))
= 32+ Tz +3,

(2)
(22 + 2% — 4o 4+ 11) + (62° — 62 + 1) = 82° + 2° — 10z + 12,
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(3)
5z —x4+3)— (222 =T +6) = (5—2)2°+ ((—1) = (=7))z + (3 —6)
= 32?4 6z — 3.

(IT) Multiplication: To multiply two polynomials we multiply each term of the first poly-

nomial to each term of the second polynomial, based on the Distribution Law:

AK+L+--+) = AK+ AL+ --- (%),
(A+ B+ )(K+L+---) = AK+AL+---+BK+BL+--- (%%).

Here are some examples:

(4)

37%(x +5) =32 - x + 32% - 5 = 32° + 1527,
(5)
(2 +1)2r—T) =2 22+2> (-7)+1-20+1-(=7) =22° - T2* + 20 — 7,

(6)

(a+0b)(a* — ab+b?*) = a® — a’b + ab* + a®b — ab® + b* = a* + V°.

We shall now gather some of the very important identities with their associated nicknames
which will be in constant use throughout the course. It should be emphasized, however, that

the following list is by no means complete.

e “square of a binomial” identity:

(a+b)?=a*+2ab+b* and  (a—b)®=a®—2ab+ b

e “difference of squares” identity?:

(a—D)(a+b)=a*— b

e “sum/difference of cubes” identity:

(a+b)(a* —ab+b*) =a® +b° and (a —b)(a* +ab+b*) = a® — b

(III) Division: The division of two polynomials entitled “Long Division” is not covered in

this course; we only deal with the division of a polynomial by a monomial.

2Also known as the “conjugate” identity.
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Exercises

1. Expand and simplify completely.
(a) (42% — 2z + 11) + (2% — 3z — 10)
(b) (26 — a® + 4a — 5) — (5a + a® — 242 — 5)
(c) (B2%y — 4wy +4y*) — 2(xy* — 22y + 2y°)
(d) 4(2* — 22 +3) +2(1 — x)
(e) —3(a* —2d® 4+ a — 12) — (6a® — 3a* + 2a* — a — 24)
(f) 422 — 2+ 1)+ 2>+ T2 —3) — 3(22° — 22 + 2 — 1)
(g) —2(1—=0*) — (B> +20*+3b—1) — (b* + 20— 1)
(h) 2(222 — 3y + xy) — 3(4y — 32% — 4ay)
(1) =3(2? + 2%y — 3zy?) + 2(wy + 222y — xy® + 32?) — (xy? — ya?)
(j) 2a(a® — 3ab+ 2b) — 3b(2a> — 4a + 1)
(k) 52(t3 — 262+t — 1) + 3t(t* — > + 4)
(1) 3zy*(x —y) + 2z(xy® — z + )
(m) (3a—5)(a+T7)
(n) (7z —3)(2z — 2)
(o) (222 = 3)(z* + 1)
(p) (z—2y)(3z +y)
(a) (25* = 3t)(s + )
(r) 2x(z — 3)(3x + 2)
() 32*(22% +y)(z — y)

(t) (2u+3)(u® —2u+1)
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(W) (z—1)(z® —22+7)

(v) 2y —3)(y* —3y+1)

(w) (32?2 — 22 + 5)(2? — 2)
(x) Bz —y)(z+ 2zy +y)
(y) 22(3z +2y)(2z + 2y + 3)

2. Use the special identities to expand and simplify the following expressions.

(a) (z+3)? (k) (3z —2y)(3z + 2y)

(b) (22 + 1) 1) (52% +2)(52° — 2)

(c) (4o —1)? (m) (4 + 3)(4z — 3)

(d) (22— 3y)? (n) (32% — 2y)(32” + 2y)

(e) (1—3z)* (0) (y+2)(y* —2y+4)

(f) (5x + 3)? (p) (z—3)(x*+3x+9)

(g) (—4z —3)? (@) (22 —1)(42? 4 22 4 1)

(h) (—2z — 5y)* (r) (3z+2)(92? — 6x +4)

(i) (z—2)(z+2) (s) (5 —y)(2522 + 5zy + y?)
() 2z —1)(2z+1) (t) (2x + 3y)(42? — 6xy + 9y?)

3. Expand and simplify. Use the identities if it is applicable.

(a) (z— 1)(z? + 2z +1) (f) (z—1)°

(b) (z—1)*(z+1)° (g) (1+22)°

(c) (2y— D)(dy? —y+1) (h) —2(2z + 1)(42® — 22 + 1)
(d) (2z —y)(42® + 22y + y°) (i) @ +y*)(@+y)(z—y)

(e) 3(a+2)? - (2a+1)(2a — 1) () 3z = 1)(z*+1) — (22 +2)2
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2.3 Factoring

From the early years of schooling we all get to know what factorization of numbers mean.

For instance, the number 600 can be factored (i.e., expressed) as
600 =2x2x2x3x5x5=2".3.5

In the above factorization, the numbers 2,3 and 5 are primes®, and are said to be the prime
factors or the irreducible factors of 600. In a manner similar to this, we shall now seek for
factorization of polynomials. In other words, given a polynomial, we would like to express
it as the product of its irreducible factors. This problem might not have a unique answer.
More specifically, the notion of irreducibility heavily depends upon “what sort of coefficients

are allowed”. To elaborate on this, consider the following polynomial:
P(x) = 2* — 3.

If one does not allow irrational coefficients, then P(x) cannot be factored, a fact which will
be explained in the sequel. However, if one allows irrational numbers, one then immediately

gets the following factorization:
P(z) = (v + V3)(z — V3).

Convention. In this section we are concerned exclusively with factoring polynomials over
the integers. This means specifically that all the coefficients of all the polynomials involved

must be among the integer numbers:
—3,-2,—-1,0,1,2,3, ...

As a consequence, we shall not consider 22 — 3 = (z — v/3)(z 4+ V/3) as a factorization. Nor
do we consider

5)

a factorization of the polynomial 2x + 5, even though this is a valid equality.

Before we proceed further, we should perhaps also remark that the rules of factoring poly-
nomials are closely related to the multiplication rules which we extensively explained in an

earlier section. In fact, every multiplication done in the section Polynomials I can be seen

3A prime number, by definition, is a positive integer which is divisible by 1 and itself only.
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also as a factorization; the point is that the left hand side of any of the multiplications
carried out in that section is a factorization of the right hand side of the resulting equality.

In a certain sense, we are playing the same game, but now the other way round!

Techniques of Factorization:

In what follows, we introduce a number of rather simple yet powerful techniques for factoring

polynomials.

(I) Take out the Greatest Common Factor (G.C.F): The idea here is to pull out as

much as we can, based on the formal equality

AK + AL+ = A(K+L+---).

Examples

(1)
372 — 6z + 12 = 3(2® — 2z + 4),
note that 3 is the only common factor (i.e., the G.C.F) which we can pull out;
(2)
82° — 1227 + 241 = 4x(22° — 37 + 6),
as the G.C.F = 4ux;
(3)
22y — 62%y* + 14wy® = 2wy(2? — 3wy + Ty?),
as the G.C.F = 2xy;

(4)

202 (v +1) = T(z +1) = (x + 1)(22° — 7),
as the G.C.F = (z + 1);
(5)

42%(x —2) —a(z —2)* = z(x — 2)(4x — (z — 2)) = 2(z — 2)(3z + 2),
as the G.C.F = z(x — 2).
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(IT) Factoring by Grouping: Sometimes one puts the terms of a given expression into

groups and in each group one takes out the G.C.F. of that group; this would often open a

window towards the factorization! Let us illustrate this technique through a few examples:

Examples

(6)

> +ry+3x+3y = 24+ ay+3r+3y
——— N——
group 1 group 2
= z(x+y)+3(x+y) cf. Example (4)
= (z+y)(z+3);
(7)
42 + 102 — 67 — 15 = (42® 4+ 102) — (62 + 15)
oo 1 mowz
group group

= 22(204+5) —3(2z+5)
= (22 +5)(2x — 3);

And here is a different grouping used to factor the same expression:

42° + 102 — 62 — 15 = (42 — 62) + (10z — 15)
H/_l/ \ﬁ,_z./
group group

= 222z —3) + 52z —3)
= (2z—-3)(2z +5).

(IIT) Factoring Quadratic Expressions az? + bx + c:

Factoring Special Trinomials of the Form 22+ bz + ¢

A quadratic expression of the type x? + bz + c is factorable over integers if there exist two

integer numbers “m” and “n” such that

m+n=»>b and mn=c.

If that is the case, then we have the factorization:

22 +bx+c= (x+m)(x+n),
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which can be easily verified as follows

(x +m)(x+n) =2 +mz+nr+mn=2>+(m+n)r+mn=z>+br+c

Examples

(8) 22 +6x+5=(x+5)(r+1)since 5+1=6and (5)- (1) =5.
(9) 2% + 7z — 30 = (x — 3)(z + 10) since —3 + 10 = 7 and (—3) - (10) = —30.

Factoring General Trinomials of the Form az? + bz + ¢

Given the more general quadratic expression ax? + bx + ¢, we look for two numbers “m” and

“n” whose sum is b, and whose product is, not just ¢, but ac:

m+n=»>b and mn=ac.

It is with the help of these two numbers that we form the right groups and then proceed, as
illustrated above, to factor the given expression. The comment we would like to make here
is that this is possible (i.e., the expression az?+ bz + ¢ is factorable over the integers) if and

only if* b? — 4ac is a perfect square, that is to say, if and only if
b* —4ac=0,1,4,9,16....

(10) To factor 5z? — 7x — 6, we look for two integers whose sum is —7 and whose product

is 5+ (—6) = —30. As the numbers are —10 and 3, we proceed as follows:
5a® —Tx —6 = b5a° — 10z + 3z —6
= bax(x —2)+ 3(x — 2)
= (x—2)(5z + 3).

(11) To factor 1022 —23z+ 12, we look for two integers whose sum is —23 and whose product

is 10 - 12 = 120. As the numbers are —15 and —8, we proceed as follows:

1022 — 23z +12 = 102% — 152 — 8x + 12
= 5x(2x —3) — 4(2x — 3)
= (22 —3)(bx —4).

(IV) Using Special Identities: If possible, we apply any one of the following identities:

4We will learn more about this criterion in later sections.
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o > —b* = (a—b)(a+b);
e a®+2ab+b* = (a+0b)* and a® — 2ab + b*> = (a — b)%;
o & —b0®=(a—0b)(a®+ab+b*) and a® +b* = (a + b)(a® — ab + b?).

Note that, in applications, a and/or b may be replaced by anything: number(s), variable(s),

ete.
Examples
(12)
22 +100+25 = 22+2-2-54+52
= (z+ 5)2; [using a4 2ab + b = (a+ b)2]
(13)
y' =6y +9 = (y¥) -2-y° 343
= (¥ —3)% [using a? — 2ab + V> = (a — b)?]
(14)
X0 -8y = (X*1)* - (2v)°
= (X%t —2Y)((X%t)* + (XP)(2Y) + (2Y)?)
= (XPt=2Y)(X'? +2X?Yt +4Y7);
(15)

(2 +y)? =25 = (2% +y)* =5
= (2®+y—5)(="+y+5).

(V) Using all the Techniques Discussed so far(!): Instead of further talking, let us

simply apply simultaneously all the methods discussed above to factor more complicated

expressions:



2.3 Factoring 20

Examples
(16)
36zt — 252° +4 = 362 — 922 — 162% + 4
= 92*(42® — 1) — 4(42* — 1)
= (42® —1)(92* — 4)
= (20 -1)(2x + 1)(3z — 2)(3z + 2);
(17)
(22 —9)* +8z(2* —9) = (2® —9)[(2® —9) + 8]
= (z—3)(x+3)(z* +8x—9)
= (x=3)(x+3)(x—1)(z+9);
(18)

2°—64 = (2°—8) (2 +8)
= (2 —2)(2® + 22+ 4)(z +2)(2* — 2z + 4).

Note that, according to the criterion stated at the end of Case 111, the last two quadratic

brackets are irreducible as neither 22 —4-1-4 nor (—2)*> —4-1-4 is a perfect square!.
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Exercises

1. Use the first two techniques, "G.C.F.” and ”Factoring by Grouping”, to factor the

following expressions completely.
(a) bry — 152> (k) Ty%(y +1) + 1dy(y + 1)

(b) 18a%0® — 6ab? (1) 24a(b+ 1)2 — 8(b+ 1)2

2 _ 2
(c) 492° — 14xy® + 28yx (m) 2%+ 32 + 22y + 6y
(d) 4a3b* + 10a%® — 6a*b?

(n) 2?4+ 7x — 22— 14
(e) 122%y — 2022%y> + 8xy

(0) 4y* + 10y — 6y — 15
(f) 20a* — 15a2b® + 10b*

p) 3ab—b*+3a—b
(g) 18x5y? — 1223y* + 242%° (p)

3 2 9. _

(1) 5e(z — 1)+ 4(x — 1) (a) 327 + 327 — 22 — 2
(i) 2z(z +5) — 3(z +5) () z—1-ay+y
() z*(2x — 1) + (22 — 1) (s) 10z* — 82 — ba? + 4x

2. Factor each trinomial (quadratic form).

(a) % +4x+3 (i) 2% — 5yz + 6y°
(b) >+t —20 (j) 2+ 2yx — 3y?
(c) y*+2y —8 (k) 22 — 2yz — 24y
(d) x* — 13z + 42 (1) 322+ 8z +5

(e) a* —2a — 63 (m) 2y + 5y —3

(f) 2* — 2 — 56 (n) 422 — 122 +5
(g) ¥>—9y+20 (0) 3a®+ 10a — 8

(h) 2%+ 122 + 35 (p) 2t* — 6t — 20
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(q) —2%+ 62+ 16 (t) —22? 4+ 13z — 15
(r) 102 — 23z + 12 (w) =322 +22x -7
(s) Ty* — 27y — 4 (v) —62®+ 17z —5

3. Use appropriate identities to factor each polynomial.

(a) z* — 36 (1) 4a? + 20z + 25
(b) 42*—1 (m) 36x% — 12z + 1
(c) 25z% —49 (n) 1— 4z + 42*
(d) 1—64y? (o) 16y* — 56y + 49
(e) 1622 — 121> (p) 92% — 24z + 16
(f) 4y* —25 (q) z*—38

(g) =" —9y? (r) z* +27

(h) 4a2b® — 1 (s) 82% — 125

(i) 2? — 10z + 25 (t) 27t% — 64

() 2+ 22t + 121 (u) 82° + 27y?

(k) 2% — 6z +9 (v) 125a% — 640°

4. Factor Completely.

(a) 12821 — 8y*z? (g) 2(t—2)— (t—2)

(b) 102* — 270z (h) 242* — 162° — 8l + 54
(c) o* — a2 (i) 1822y — 8z'y

(d) 23+ 322 —z—3 () (22 —9) (22 — x — 2)
(e) 5(z+1) —6(x +1)? (k) a®(a+0b)*+0b*(a+0b)?

(f) y*x — 3y* — 4z + 12 1) 9—(2z+1)?
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(m) (5 +7)* - 16
(n) ' — 2% —20
(o) z* — 16

(p) 1223y — 302%y — 18zy

(q) 8z (x —4) — 27Tz (x — 4)
() (e +17 = (@ +1) =6
(s) Tat 4 723 — 14022

(t) 25— 64
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2.4 Rational Expressions (Fractions)

Definition 2.3 Any fraction of the form

A Ax)
B B(x)

where the numerator A(z) and the denominator B(x) are polynomials, is called a rational
expression in x. Similarly, one can define a rational expression in two variables, say x and

Yy, as any quotient of two polynomials in x and y.

Fundamental Property A rational expression is unchanged if both its numerator and its

denominator are multiplied or divided by any non-zero factor. That is to say, for C'(z) # 0,

A@)C(x) _ A)C] _ Alw)
B@)C(z) ~ B@)Chs]  Blx)

In other words, we can simplify a rational expression by getting rid of any common factor

we have

between its numerator and denominator. Here is an example:

6z*(x+1) 2:3-z-x-(x+1)

Ir(r+1)2  3-3-x-(z+1) (v +1)
2.3 2 x- (x4+1)

3-3-a- (z+1)- (v +1)
2x

3x+1)

Arithmetic Operations on Rational Expressions

(I) Multiplication. The rule is very simple:
A(z) Clz)  A(x)C(x)

B(z) D(x) B(x)D(x)

We remark, once again, that whenever possible we simplify our rational expression. Of
course, in order to do so, we first need to factor both the numerator and the denominator

to see if there is any common factor to be canceled out.

Examples

In the following, multiply and simplify:
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(1)
r  2*—-1  z(@*-1)
r—1 22 22(z—1)
_ z(z—1)(z+1)
2?(x — 1)
_ x—i—ln
(2)
-1 2°—4  3r-6  (@-D@E+l) (z-2)(=z+2) 3@-2)
2v —4 22—2-2 224+x -2 2(x —2) (x—=2)(z+1) (x+2)(x—1)
3
= 5

(IT) Division. Once again, the rule is simple:

A(z) . Clx) _ Alx) D(x) _ Ax)D(x)

B(z) ~ D(z) B(z) C(z) B(x)C(x)

a
Note that as a +~b = 3 we may rewrite the above rule also as

Examples

Divide and simplify if possible:

(3)
-z xz—2® zle—1)(x+1) (z—4)(z+4)
22—3r—4  22—-16 (z—4)(z+1) —z(z—1) = —(z+4).
(4)
r+4
T+ 1 :(J:+4)(x2—1):(x—l)(:v+1):$_1
r+4 (x+1)(z+4) r+1 '

2?2 —1
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(ITI) Addition/Subtraction. The rule to add and/or subtract rational expressions is
similar to that of numerical fractions:

A(z) | C(x)  A(x)D(z) £ B(z)C(x)

B(x) ~ D(z) B(z)D(x)

Remark. It should be noted that to minimize the amount of computations it is often
preferable to use the so-called L.C.M (the Least Common Multiple) of B(x) and D(x) rather
than their product B(z)D(z); With B(x) and D(z) factored, to get the L.C.M, one uses the
common factor(s) with the greater exponent(s), together with the non-common factor(s).

For instance, if
B(z) = 152%(x 4+ 2)*(x — 1)*(2® + 5) and  D(z) = 9z(x + 2)(z — 1)%(z — 3)°,
then the L.C.M of B(x) and D(z) is equal to
4523 (x + 2)*(x — 1)5(2* + 5)(z — 3)%.

Note that if we use the L.C.M, denoted by say L(z), we have to modify the above formula

for adding/subtracting rational expressions:

Alz)  Cla) A@F3+C(r) 53
B(z)  D(x) L(x) '

If B(z) and D(z) happen to have no factor in common, then this formula will reduce to the

one given above.

Examples
Add/Subtrac and simplify:
(5)
x—2+ . (z—2)(x—1)+az(x+3) 222 + 2
r+3 -1 (z+3)(z — 1) S Gt a-1)
(6)
x 2 o x(z+1) -2 B
r—1 22—1 @—D@+ D) note that L.C.M = (z — 1)(;B+1)]
_ (x4 2)(x —1)
EEVIEESY
T+ 2

x+1
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(7)
22— 11 T 2 22— 11 —z(x + 1)+ 2(x + 6)
217016 246 x4l _ (z +6)(z + 1)
r+3 5x—2+2a7(2x—11) (x +3)(z+3) — (b — 2)(x — 3) + 2z(2z — 11)
r—3 x+3 x2-9 (x —3)(z +3)

2?2 —11—22—x+2x+12
(x4+6)(x+1)
22+ 6z +9— 52+ 170 — 6 + 422 — 22z
(x —3)(z + 3)

z+1

(x+6)(z+1)
T+ 3

(x —3)(z +3)
1 r—3
T+ 6 1

r—3
T+6
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Exercises

1. Simplify.

4:1:3y2
6ty

152%y
522 — 10x
15 + 5x
24+ Tx + 12
202 4+ 3z — 2
20 — 1
22 +2x—15
9 — 22
16 — y?
) =551
y 42y —24

2. Multiply or/and divide and simplify.

142%  25y3%
15y? 4222y

4a’b*  27x9?
9x2y  6a3b
3r—6 10x —40
ox —20 27z — 54

522 — 150 25 — a2
2 —8x + 15 52

2 — 2%y 3y* -3y
6x + 12y 3y — 3z

x?—1 9r2 — 1

322 £ 4r +1 322 —4x+ 1

x2—3$—10; x?—4
x2 — bz T2 —2x

13—t t—t?

(h) +

t2—-3t—4  t2—-16

2a3 — 16
2a2 + 4a + 8

22y +y+522+5
Sx + xy

3 — 1222
3 — 1222 4+ 22 — 24

a’®+8a+7
202 +a —1
4—y2
y? — 3y — 10
32+ —2
312 + 5x + 2



2.4 Rational Expressions (Fractions) 29
Q) 207 +8r — 42 22?4+ 14x
1 -
3x2 — 27 3x2 + 15z
i 16y —1  4y*> —Ty—2
Vg i3y—1" 2—y—2
12¢* + 1512 43 + 5t
(k) 2 042
15t2 —t—2 92 —1
1) a* — 8a a’?+2a+1 a? — 5a
a?—4a—5 ad—a?—2a a’>+2a+4
) Y+ 2 ad—xy? 2y —oP
m . .
2202y + day?  xt — oyt 2y
?+r 2?—x-20, 2°+3z
(H) ( 2 ' )_ )
x? —25 3z + 12 3x? — 27
(0) ( 3 x2+2m—3)_yx2—yx
(¢} . -
22+ 13z + 30 x3y? x2+ 10z
) 62 —t—2 3t*—t—2 2t+1
A 07 —4 " 3t+2
@ x2q° _ 21" ) 2% — 12z + 36
VA 112130 " 22— 72+ 10 x2y — 2xy
) 22 —3x —20  22% —br—12 2% —36
T - .
202 —Tx — 30  4x?2+12x+9 422 -9
3. Add or/and subtract and simplify.
4x 24 x 2
@) =6 " 7-6 O R
2z r+1 z-1
_ h
(b) 3 x—1 ():v—l r+1
3 2y — 25 ) 2 3
() —=-= () 2 ——
y—>5 5b—y y—>5 y+5
3 1 5 2 1-2 . 3 +1 2
(d) xr+ n rT+2 z () oy 5
x—7 7T—x x—17 e = T =
_ _ ) 3x
(e) 2x 3_4 xr (k)4_12— P
3x 6 x €
4
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(m) dx N 2 (0) a4+1 3t+2 49t + 4
m 0 - -
t—8 t+4 12— 4t—32

3z 24+ ) T . 5) 11x — 8
2—-—x—-2 x2-1 P r—4 x+5 224+2-20

(n)

4. Simplify.
1 2
(a) (= +-)+(a® =y v—L
xr oy x
() i
x? 4 r 2 1+E
b) (- — )= (2 _Z2
b) (5 -+ G-2) o
2 1 1 (h>5 Y
(c) 1—1:2'(1—:10 1—1—:10) y—>9
4 11
g_ 2 -
2 r 14z
(d) —% () =
3+; I+
11 1.2
2 z x-—1
() 4 0 35—
- -+
22 r x—1
7 12
1+ - ==+
y oy
) —2 (k) —7—30
- —1 14+ -—-—
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2.5 Roots and Radicals

Definition 2.4 The n'™® root of A is a number whose n'® power is A, that is to say,
VA=r it r"=A,

where n > 1 is an integer. In this notation, n is called the “‘index” and A is called the
‘radicand” of the radical. In the absence of indezx, the index is understood as 2, that is to

say,

VA= VA

Remark 1. If n is odd (i.e., if n = 1,3,5,...), then such r always exists; it is unique and
has the same sign as A does. And if n is even (if n = 2,4,6,...), then r exists if and only if
A>0.

Remark 2. For any real number a, Va2 = |a| (read absolute value of a) that is defined as
la| = a if a > 0 and |a| = —a if @ < 0. Therefore v/22 = /4 = 2 and /(—2)2 = V4 = 2.

Examples
(1) We have v/25 = 5, as 52 = 25 and 5 > 0.
(2) We have v/—8 = —2 as (—2)* = —8.

(3) We have —+/81 = —3; in this example note that we gave the answer as —3 not because
(—3)* = 81, but because there already exists a minus sign before the radical. In fact without

that minus sign, the answer would have been 3.

6

4) Assuming all the variables are positive, we have V6 = 23 because (z*)? = 2% and also
g

Vy® =y since (y°)* = y°

Multiplication, Division and Power Rules of Radicals:

o VAVB = VAB;

.né_{l/z'
VB /B’

o VA= "VA™
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Examples

(5) V2v8 = V16 = 4;

(6) V50 = V25v/2 = 5v/2;

(7) V1222 = V4223 = 22V/3, provided that z > 0;
(8) V96 = V8V/12 = 2V/12;

V14 14 _
) N = V2
5 1 9 3
(10) Vie T2 Vi~ 2

Addition and Subtraction of Radicals

Expressions containing radicals can be added or subtracted if they are similar. Two radical

expressions are called similar if they have the same radicand and the same index.

Examples

(11) V27 +3v2 + V12 — 2V18 = 3v3 + 3v2 + 2V3 — 6v2 = 5V3 — 3V2
(12) 3+ V6)(2—V6) =3-2-3V6+2V6 — V6v6 =6 — V6 — 6 = —/6;

Rationalizing Denominators

Given a fraction with radical(s) in its denominator, sometimes we need to remove the rad-
ical(s) from the denominator without changing the value of the whole fraction, a proces
known as “rationalizing the denominator’. In order to do so, one has to multiply
the denominator as well as the numerator by a suitable expression, so that the radical(s)

disappear from the denominator. We illustrate this through a number of examples.

Examples

Rationalize the denominator and simplify if possible:

2 2 V5 25
B F=B v 5
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8 8 ViI+3 8(V11+3)  8(VII+3) '
(14) \/1—_3_\/1—_3 \/ﬁ+3_(\/ﬁ)2_32_ 9 —4(\/ﬁ+3)7

Voo VB _VE-WB V5-V3_5-2/43 _8-3B_,
VBB VEeVE VE-vs o 5-3 e T

Definition 2.5 The rational exponents are defined as follows:

A% = Yam = (a)"

(15)

In particular, we have An = {Z/Z; in other words, A s just another notation for the n'®
root of A.

Examples

(16) 4% = V43 = /64 = 8;

(17)(=3)"° - (=3)"° = (=3)"*° = (=3)"° = (=3)* = —27;
(18) (82°9°)"" = 81/3(a) 3(y1)/* = 2%y

(19) 2%/ — /50 = V8 — 5v2 = 2v2 — 52 = —3V/2;

(20)
3+6 3 3+6
5V3 — 248 — 324+ V50 5vV3—8V3 —4v2+5V2

. 3+46

V233
(3+v6)(v2 + 3V3)
(V2 = 3V3)(V2 +3V3)
12v2 + 113

—25
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Exercises

1. Simplify.

2. Simplify.

(a) V8—V2

(b) V12+ V27

(c) 7V2—v20+2V18

(d) 7v/80 — 3v/50 — 2V/5

(e) 475 + 3/48 — /12

(f) V324 V45— 98 — 7V5

(k) —V12
(1) VA0
V180
) =
V28
(n) 6
(0) V300
(p) 3v/50
_2\/5
(@) —5
(r) 17+/80
(s) —3v/121
(t) —8v/48
(u) 7v/288

(g) V125 — 227 — 3v/5 + 3V12
(h) 4v18 — 3v/64 + 2V/50 + 7v/25
(i) 3(2v12 - V99)

(j) —7(3v8 —2v/45)

(k) v2(—2v/32+5V18)

(1) 2v3(3 — V3)
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(m) 3v3(2V/75 — 7v/27) (t) (3+2v5)(2—/5)

(n) VI8(1 +2v/2) (u) (V8 —2v3)(2v20 —3)
(0) 2v3(3v8 — 2v/3) (v) (3v3—V18)(3v2 —v27)
(p) V12(3v/6 + V/10) (W) (1++/2)?

(@) (V2-3)(vV2+3) (x) (V3-3v2)?

(1) 2v3+1)(2v3-1) (v) (v5—2v6)

() (4v2=5)(4v2+5) () (2V3 - 3v2)?

3. Simplify, assuming that all the variables are positive.

(a) Vad (h) V325v/1523
(b) Va? (i) V3a30Tv/27ab?
(c) V16y'° () (Va—vb)(va+ Vo)
(@ Var 19 VEz(v3 ~ v2)
() Vart® (1) v/15ab(v/5a — v/3b)
() viga! (m) (V3z + /223y)(V18z + /12y)
V89
SN () (8VE + /29"
4. Rationalize the denominator.
2 ~15v/3
(a) 7 (e) 7
—2 1+3
) 7 6 —
6 3
©) 755 ® 7%
15 8
(d) 7 (h) —
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0 2 () T3
VT-V3 3-V3
0 ; \/57 (n) Y36
+1 V8 +6
26 3v2 -3
VG ) va B
@ V2rVs () 2oV
V3— 2 RV GEENE
5. Simplify. You may assume x and y are positive.
(a) <_27)§ (J) 7;
773
(b) 164 . .
6565
(c) —25% (k) 63
(d) (-8)3 (1) 3% — V48
(¢) 8% (m) (81z'y®)1
_ory-1 823\ T
(f) <425> () (W)
) () o) B0
2 1 2xy
) (-2)}(-2)} 4
s V/ 8132y (zy®)s
(i) 4745 ) = 3y



Chapter 3

Equations and Inequalities

3.1 Solving Linear Equations

Definition 3.1 Any polynomial equation which can be brought to the “standard” form
axr+b=0,
1s called a linear equation. As such, a linear equation has always one and only one solution

T =—-,
a

provided that a # 0.

Examples

(1) The equation 3z + 2 = 0 is linear;

(2) The equation 3z% 4+ 2z — 5 = 0 is not linear; in fact it is an example of a quadratic

equation which we will study afterwards;

2 +6
3) Th ti
(3) The equation s

and indeed it contains fractions; note, however, that one may obtain a linear equation out

— 3 = 1 is not linear as the left-hand side is not even a polynomial

of this after getting rid of the denominator.

How to Solve: In order to solve a linear equation one has to isolate the variable, say

x, on one side of the equation and to have only a constant (a number) on the other side.
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This number, known as the solution, must satisfy the initial equation. In order to solve an

equation we should follow the following cancelation rules:

A+C=B+C <= A=B0B,

A-C=B-C < A=B.
These rules simply mean that one may send any term from one side to the other side by
changing its sign. We also need to use the next two rules in order to isolate the variable:
A-C=B-C < A=8B, C #0,
A B
c C
After applying the first two rules and simplifying both sides of the equation, we often need

— A=08B, C #0.

to cancel the coefficient of the variable, x, by a simple division by that coefficient. This can
be done by using the last two given rules. We shall now illustrate all this in a number of

examples.

Examples

(4) To solve the equation bz — 2(x + 1) — 4 = —2z — 1 for x, we proceed as follows:

br —2(x+1)—4=-2x—-1
Bt — 26 —2—4=—2F—1
hr=6-1=5 = z=5/5=1.

Thus, x = 1 is the solution of the original equation, as can easily be verified by the reader.

(5) To solve 4[2z — (x — 2)] = —3(3 — 2x), we proceed as follows:

420 — (x —2)] = —3(3—22)
420 —x+2] = —9+6z
Alz+2] = —9+6x
dr+8 = =94 6x

8+9 = 6z —4x
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Remark. If some of the coefficients in a linear equation are rational numbers having some
denominators, it is often convenient to first multiply both sides of the equation by the least
common denominator (L.C.D) of all the denominators; this will result in a new equation

which has integer coefficients and which has the same solution as the original equation does.

3 4 1
(6) Solve for x: 3T =3 = 20 + R
5 1 20 + L
—r—=- = —x
2 3 6

6 X 3 4 = 06X 20+1
2" 7 3) 6"
9r —8 = 120+ =x
8r = 128 — 1z =128/8 =16.

Applications: Word Problems

In mathematics, the term word problem is often used to refer to any math exercise where
significant background information on the problem is presented as text rather than in math-
ematical notation. For instance a problem in mathematical notation like!:
solve for J:

J=A-20

J+5=(A+5)/2
might be presented in a word problem as follows:

John is twenty years younger than Amy, and in five years’ time he will be half of her age.
What is John’s age now?

The answer to the word problem is that John is 15 years old, while the answer to the
mathematical problem is J = 15 (and A = 35).

To solve these problems, we look for statements in the problems that describe quantities that
are equal. Then, we use algebra to write an equation that can be solved. It is customary
to use variables that make it easier to remember what you’re looking for, however, you can

still use z as the unknown.

I This is in fact an example of a “system” of linear equations, which will be studied later in this course.
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Examples

(7) The sum of twice a number and 13 is 75. Find the number.

Solution: The word is means equals, and the word and means plus. Therefore, we can

rewrite the problem as follows:
The sum of twice a number plus 13 equals 75. Find the number.

Using numbers and a variable that represents something, N in this case (for number), we

can write an equation that means the same thing as the original problem:
2x 4+ 13 =75.
Now we solve this equation by isolating the variable:
2 +13=7 = 20=75-13=62 = x=062/2=3l
(8) Find a number which, decreased by 18, is 5 times its opposite.

Solution: Again, you look for words that describe equal quantities. Is means equals,
and decreased by means minus. Also, opposite always means negative. Keeping that

information in mind, we can write the following equation
N — 18 =5(—N),
which describes the original problem, and it is indeed really easy to solve:

N—-18=-5N = 6N=18 = N =3.
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Exercises

1. Solve the equations.

(a) 4(z—1)=x+ 17 ) V3z—1=5-3V3
(b) Tm — 32 =10 — 2(3 +m) (0) 3v2—+6z =8
(c) 16+ 0.55z = 0.75(z + 20) (0) z_g‘”:;%
(d) 5—(8+2X)=7+2(X —3) 3 1
(@) g —5l@—1) =20
(e) 0.22(zx +6) = 0.2z + 1.8 X ;
(1) se+2)+ @+ =2+5
(f) 2a—5=4(3a+1) —2
1 3 11
(g) 3(2y+1)—2(y—2)=3 (8) 3e-D)—¢g=1-~
(h) 2[2x — (x + 3)] = —2(z + 3) (t) Z—é(l—Sx)zQx—f—l
(i) 5+ 3[1+2(2z —3)] = 6(x + 5) () T2 _T+3
3 —2
(i) —2[4— (3b+2)] =5—2(3b+6) b S,
(k) 0.3(t + 15) + 0.4(¢ + 25) = 21.5 10 2
r—2 3z
1) 9(v+1)—3v=2(3v+1)—38 (W) —5—+5 =14
(m) V22 —2 =0 R

2. If 4 —3a =7 —2(2a + 5), evaluate 3a* — 2.

3. If 3[2 — 4(z — 1)] = 3(2z + 8), find —62% + 2z.

4. The difference between four times a number and 13 is 55. Find the number.
5. The difference between 131 and twice a number is 45. Find the number.

6. Three times the difference of a number and 12 is 12. Find it.

7. The sum of twice a number and 11 is 53. Find it.
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8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

The sum of two numbers is 21. Three times the larger is equal to four times the smaller.
Find them.

The sum of three consecutive odd integers is fifty one. Find them.

Find three consecutive odd integers such that three times the middle one is one more
than the sum of the first and the third.

Find three consecutive even integers whose sum is -18.

Twice the smallest of three consecutive even integers is 6 more than the largest one.

Find the integers.
Find the number such that 5 times three more than itself is 80.
Four times the sum of twice a number and 23 is 76. Find the number.

A wallpaper hanger charges a fee of $25 plus $12 per roll of wallpaper. How many rolls
were used if the total charge for hanging wallpaper is $977

A mobile phone company charges $13.99 monthly for the first 200 messages and $0.12
for each text messaging over 200 in 1 month. Find the number of text messages of

Sara in April whose bill was $16.63 before taxes.

A taxi charges $3.50 initially and $2.80 per kilometer. How many kilometers did a

customer travel if his total taxi fare was $17.50.

A grant of $12,000 is to be divided into 3 scholarships. How much is given to each
scholarship if the second is double the first and the third is $1700 more than the second?

A man had $185 in five and ten dollar bills. How many of each did he have if he had

7 fives more than tens?

A child has $11.35 in his piggy bank in nickels, dimes and quarters. How many of each
does he have if the number of his dimes is half of the number of his nickels and the

number of quarters is 5 less than the number of his dimes?
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3.2 Formulas

Roughly speaking, any mathematical relationship involving two or more variables is called
a formula.
Examples

(1) The formula expressing the area A of a rectangle in terms of its length ¢ and its width

w is

A=/ -w

And the formula expressing the perimeter P in terms of ¢ and w is

P =2({+w)

(2) In case of a triangle with the three sides a, b and ¢, the formulas expressing the area A

and the perimeter P in terms of the sides are respectively

1 bh
A=-bh=—
2 2
and
P=a+b+c

where h is the hight corresponding to the base b.
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(3) In case of a right-angled triangle with the legs a and b and hypotenuse ¢, the Pythagorean

Formula is given by

o’ + b =

(4) The area A and the circumference C of a circle of radius r are obtained by the following

formulas:

Assigning Values to the Variables

If the values of all but one variable in a formula are known, one can find the value of the
unknown variable simply by substituting the given values for the known variables. Here is

one example.

1
(5) In the formula A = §bh, if A =450 and h =9, find the value of b.

Solution. We have 450 = %b -9 from which we find b = 100.
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Solving for one Particular Variable

Another typical problem that could be asked is to “solve” for one particular variable. The
idea is to use basic algebraic operations (adding or subtracting, multiplying, dividing, moving

terms, etc) to “isolate” the required variable. We shall give two examples.

Examples

(6) In the formula A = 5h(b+ B) solve for h.

1
2

Solution. We have

1 2A
(7) Solve A = 1h(b+ B) for b.
Solution. We have
2A 2A

A=sh(b+B) = 24=h(b+B) = b+B=" = b="-B

1
2
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Exercises

1. Find the value of the unknown variable in the following formulas.

1
(a) A= Ebh if b =11 and h = 5.61
(b) P=20+2w  ifl=23.75and P=12.26
(c) C =2mr if C' =176.12

9

(d) F=_C+32 i F=T6

1
(e)Kzﬁh(a—i—b) if K =48, a=5andb=7

(f)C:a—Z% ifa=-2, A=3andb="7
(g) a®> =b* + 2 ifb=3and c=4
(h) a= Vb +¢2 if c=—15and b = —20
(i) V =nrh if V=14.75 and r = 2.1

2. Solve each formula for the indicated variable.
(a) P=a+b+c forbd

(b) P=2l+2w forw

(¢c) V=Ilwh forh

(d) y:%(:iﬁ—z) for x
() A=P(1+r) forr
(f) y=mx+b form
(g) G=2b(R—1r) forr
(h) A=P+ Prt fort

(i) A= %h(m B) forh
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(j) A= %h(bjL B) forbd
(k) A:%hbth for b
(1) F:§C’+32 for C'
(m) C=1—— for A
(m) +y=2* forx
(o) F = GTZ;M for m

(p) a*>=0>+c* forb
3. Find the radius of a circle whose circumference is 14.32 cm.

4. Find the dimensions of a rectangle of perimeter 26 cm whose length is 2 cm bigger
than its width.

5. What is the height of a triangle whose area is 48 ft? and its base is double of its height?

6. The volume of a cone is given by V = —7r?h where h and r stand for the height and
the radius of the cone respectively. Find the height of a cone whose volume is 36.65

cubic inches and its radius is 4.2 in.



3.3 Solving Systems of Two Linear Equations 48

3.3 Solving Systems of Two Linear Equations

By a system of (two) linear equations we mean a pair of equations in two variables,  and y

say, of the form

ax + by = c,
adr+by="<.

To solve the system means to find a pair of values, one for x and one for y, which simulta-

neously satisfy both equations. For instance the solution to the system
20 + 3y =17,
or — 4y = 6,

is x = 2, y =1 (verify this to yourself!)

How to solve systems:

In these notes we shall discuss two main techniques to solve systems of equations: Substitu-

tion and Elimination.

Substitution Method

The idea is to express (=to find) one of the variables in terms of the other one and “substi-
tute” the expression found in the other equation. We shall now demonstrate this in a few

examples.

Examples

(1) Solve the system:

20 +3y =17,
or — 4y = 6.
Solution. If from the second equation we isolate y, we can expressed it in terms of x as
D 3
y=-r— —.

4 2
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Now, we substitute this for y in the first equation and obtain

5 3
20+ 3(-x—=) =7
z+3(32 - 3)
which is just a linear equation in one variable (x in this case), hence very easy to solve:
15 9
2x—|—z$—§:7 = 23r =46 = = 46/23 = 2.

Now by putting x = 2 in any one of the equations, we find the value of y:
2:243y=7T=3y=3 = y=1
Hence x = 2, y =1 is the solution to the system.

Remark. If any one of the variables appears with the coefficient £1, it is recommended to

isolate that variable as it will lead to simpler computations.

(2) Solve the system:
x + 5y =13,
{ —3x + 2y = 12.
Solution. From the first equation we get x = 13— 5y; substituting this in the other equation
and simplifying it yields the linear equation 17y — 39 = 12 whose solution is easily found as

y = 3. Now plugging this value for y in the first equation and solving for x yields z = —2.

Elimination Method

In this technique, one eliminates one of the variables by either adding or subtracting the
sides of the two equations, provided the two coefficients of the variable under elimination are
either equal or opposite. If the coefficients of neither of the variables happens to be equal or

opposite, we will make them so by multiplying our equations through by suitable numbers.

(3) Solve by elimination:

dx + 3y = 19,
Tr — 3y = —8.

Solution. As the coefficients of y are 3 and —3 respectively, we can easily eliminate y

(simply by adding up the left and the right sides of the equations) and get

Az +39)+ (T —39) =19+ (-8) = lla =11 = z=1.
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This in turn determines the value of y as y = 5.

(4) Solve by eliminating x:

3z + 2y = 26,

4x — by = 50.
Solution. To eliminate x it is necessary for the two coefficients of x to be either equal or
opposite, which is not the case here. However, we can make that happen if we multiply
the first equation (both sides obviously) by 4 say and the second equation by —3; then the
new coefficients of x will be 12 and —12 respectively, so that if we add the new equations

obtained z will get eliminated:

4 x (3x +2y) =4 x 26, . 122 4+ 8y = 104,
(—3) x (42 — 5y) = (—3) x 50 122 + 15y = —150

addipe (J%Jr Sy) n (—J%Jr 15y> — 104 + (—150) = 23y = —46 —>
— oy =2 = 2= 10.
(5) (A Word Problem) If two CD’s and three tapes cost $36 and five CD’s and four tapes
cost $76, find the price of each.
Solution. Solving this word problem amounts to solving the following system

2z 4+ 3y = 36,
ox + 4y = T6.

where z (resp. y) is the cost of each CD (resp. tape). Using either of methods explained
above one finds the solution to the system as x = 12 (i.e., a CD costs $12) and y = 4 (i.e.,
a tape costs $4).
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Exercises

1. Solve the systems.

r+y=4
(a){ B
r—y==~6
20 +y=3
(b){ N
rT—y=3
r+y=4
() B
20 +y =25
y=x—2
(d){ a
y=-—x+6
Yy =051 —8
(e) N
Tr —y =10
r—2y=—11
(f) _
—x 4+ 5y = 26
20 4+ 3y = 8
(g) B
dr — 3y =4
20 =3y =1
(1) {4 i}
x — 6y =2
(i br + Ty =10
3r — 14y =6
. S5r +2y =0
(i) B
3r+5y =0
Tr+ 10y = 13
(k) N
dr + 5y =6
3x — 6y = —1
(1) N
6x — 4y =2
20 — 3y =16
(m) _
dr+4y =7

r—2y==6
(n) B
—2z+4y =13
or +2y =1
(0) -
2x 4+ 3y = —15
3xr + 5y = —18
(p) B
4o 4+ 2y = —10
bx + 15y = 11
(a) B
20 + 6y = =3
3r —2y =27
(r) N
20+ 5y = —1
20 + 5y =2
(s) B
3z +3y =1
20 — 5y =4
(t) B
v —2y=4
20 — 3y = —16
(u) { _
y=—2x
9r — y = 25,
(v) B
20 =4—-9x
2+ 9y =16
(w) _
5xr=1—3y
0.2z — 0.3y = —0.95
(%) N
0.4x — 0.1y = 0.55

0.08z — 0.04y = —0.11
(v)

0.022 — 0.06y = —0.09

2. The sum of two numbers is 111 and their difference is 45. Find them.
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10.

11.

12.

13.

14.

15.

Find two numbers whose sum is 72 and one of them is twice the other one.

Find two numbers whose sum is 18 and 3 times the smaller one is 10 more then the

larger one.

. The sum of a larger number and twice of a smaller number is 87. Find them if their

difference is 36.

Find two numbers whose sum is 98 such that twice of one of them minus the half of
the other one is 56.

Find two supplementary angles such that the measure of the larger angle is 15° more

than twice the measure of the smaller one.

Find two complementary angles such that one third of the measure of the larger one

minus double the measure of the smaller angle is 16°.

There are 8173 students in a college such that the number of girls is 421 more than

the number of boys. How many of each are there?

A bookstore sold 18 books for a total of $176. If some of the books were sold for $7

and some for $12, how many of each were sold?

If a man has $315 in ten and five dollar bills, how many of each does he have if he has
42 bills in all?

If 100 coins consist of quarters and loonies, how many of each are there if they are
$79.75 in total?

If 100 coins consists of quarters and dimes, how many of each are there if they are
$20.80 in total?

A computer online service charges one hourly rate for regular use and a higher hourly
rate for premium service. If a customer is charged $14 for 9 hours of basic and 2 hours
of premium use and another customer is charged $13.50 for 6 hours of regular use
and 3 hours of premium use, how much is the service charge per hour for regular and

premium services?

A company ordered 4 turkey sandwiches and 7 french fries for a total cost of $38.30
before tax. The next day they ordered 5 turkey sandwiches and 5 french fries for a
total of $40.75 before tax. What are the prices for a turkey sandwich and a french

fries?
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16. A baker purchased 12 Ib of wheat flour and 15 Ib of rye flour for a total cost of $18.30.
A second purchase at the same price included 15 Ib of wheat flour and 10 1b of rye
flour for a total of $16.75. Find the cost per pound of each flour.

17. For a club trip, 4 members and 3 non-members must pay a total of $159, while 3

members and 2 non-members must pay $112. What is the price for each?
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3.4 Solving Quadratic Equations

Definition 3.2 An equation in x that can be (re)written in the “standard“ form of
ar® +bxr+c =0,
where a, b and ¢ are real numbers and a # 0, is called a quadratic equation.
Given a quadratic equation az? + bz + ¢ = 0, we call the quantity
A =b* — dac

the discriminant of the equation. One significance of A comes from the following criterion

concerning the number of solutions:
(I) If A > 0, then the equation has two distinct solutions;

(IT) If A = 0, then the equation has one repeated solution, that is to say, the two solutions

are equal;
(IIT) And finally if A < 0, then no real number is a solution to the equation!

Examples

(1) The equation 5% — 3z — 2 = (0 has two solutions, as A = (=3)> —4 -5 (=2) =49 > 0;

[the solutions are z; = 1 and zo = —2/5].

(2) The equation 422 + 12z + 9 = 0 has only one solution, since A = 122 —4-4-9 = 0; [the

solutions are r; = x5y = —3/2].
(3) And the equation ? + x + 1 = 0 has no solutions at all, as A =1>—-4-1-1= -3 < 0.

The other significance of the discriminant is that it participates in the quadratic formula:

Quadratic Formula:

Given the quadratic equation az? + bz + ¢ = 0 with A > 0, the solution(s) to the equation

are given by
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—bt VA  —bEt b2 —dac

Ty, T =

2a 2a
—b
Remark 1. If A = 0, then the formula above will reduce to a unique solution: v, = xo = 2
a
Examples
(4) Solve for x: 5z — 3z —2=0.

Solution. As A = 49, we have

—(=3)+£vV49 3+£7 2
T, g = = = 1, - —.
2-5 10 5
(5) Solve for x: 4% + 122 +9 = 0.
Solution. As A =0, we get
12 3
nERT YT

(6) Solve for x: 1 =4r — 1.

Solution. The standard form of the equation is 2> —4x+1 = 0, and thus A = 12. Therefore,

we have

—(—9)EVI2 4£2V3 22£V3)
Sy = =2EVE

Ty, T2 =

(7) Solve for x: r?=x—1.

Solution. The standard form of the equation is 22 —x+1 = 0; as A = —3 < 0, the equation

has no solution.
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Remark 2. Sometimes, instead of applying the quadratic formula displayed in the box

above, one may use the so-called Square-Root Property

If X*=k (k>0)

then X = +Vk

Examples

(8) Solve for x: 2(r — 1) —1=5.

Solution. First we simplify and then we use Square Root Property.:

20 -1)?=6 = (z—-1)>*=3
— z-1=4V3
— =143

(9) Solve for x: (2x +1)* = 5.

Solution. Using the Square Root Property, we may write

2c+1)72=5 = 22+1==+V5

— 2r=-14+5
—1+£v5

EESS Ty, Ty = 5

(10) Solve for a: a®+ 6a = 3.

Solution. First we convert the left side into a perfect square and then we apply Square

Root Property:
a>+6a+9=3+9 = (a+3)*=12
— a+3==£VvI12
— a=-3+2V3.
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Solving Equations by Factoring

Given a standard quadratic equation az? + bx + ¢ = 0, where the expression az? + bx + ¢ can
be factorized, the equation can be easily solved using the Zero-Factor Property which
states that:

If AB=0 then A=0 or B=0.

First we make sure that the equation is written in standard form, then we factor the ex-
pression completely and finally we use the Zero-Factor Property to find the solutions. This

method can be applied to any polynomial equation of any degree that is factorable too.

Examples
(11) Solve for z: 2 — 21— 3 =0.
Solution.
?—2r-3=0 = (z-3)(z+1)=0

= =3, v=-L
(12) Solve for x: 37? = br — 2.
Solution.

32 - br+2=0 = (Bz—-2)(x—1)=0
— 3x—-2=0, z—1=0
2
T = 3 =1

(13) Solve for z: 27 — 2% = 8z — 4.
Solution.

208 — 2 —8r+4=0 = (2 —4)(22-1)=0
—= (r—-2)(z+2)(2x-1)=0

— =2, r=-2, x=

N | —
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Exercises

1. Solve the equations.

(a) 22 =22 —2=0 (k) ba? —4a+3 =0

(b) 22 +32=3 (1) 322 = 6z — 2

(¢) 22— 18 =0 (m) 22 =10z +5

(d) 22 =42 +3 (n) (z—1)2=6

(e) a®> —10a+22=0 (0) 2(z +5)>=16

(f) 22° +1=5x (p) (y=5)?2=2y

(g) 3y> —4y—2=0 (q) 42° +4o =7

(h) 42?2+ 4z —T=0 (1) (z+3)(x—2) =2

(i) 20 —a® = —12 (5) (x+2)2z—1) =221
(j) 97 + 5 = 222 (t) (22— 1)(z+2)=23—14

2. Solve the equations by factoring.

(a) 22 —42+3=0 (i) z* =3z

(b) 22 =3z —10=0 (j) 22% = 8x

(c) a®> =a+ 30 (k) 2>+ 8z +16 =0
(d) 92% — 3z =2 (1) a* 481 = 18a

(e) x+ 6 = 222 (m) 422 +20x +25 =0
(f) 3y* +22y — 16 =0 (n) 22 =36

(g) 322+ 12z =0 (0) Y¥*—=121=0

(h) 10y? = 5y (p) 422 —49=0
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(q) 52> =Tz +6
(r) 23 —102? =392 =0

(s) 8n3+ 25n = 30n?

(t) 812° + 100z = 180>

(W) (z+3)2-4=0

3. Use Square Root Property to solve the following equations.

(a) 222 —16 =0

(b) 322 +17=0

(c) (22)* =24

(d) 4(z +3)2—3=17
(e) (a—4)*=38

(f) (22 —5)2— 180 =0

4. Solve the equations.
(a) 3(3z —1)?-8=19
(b) (z+2)2—-5(x+3)+6=0

(c) 2° =102% — 9z

(d) o® +

a 1
28
(e) V222 =3z ++/2=0
(f) 9(2z +6)> —12 =0
(g) ¥*+(y+1)*=41

(h) 121z = 14423

(g) 4(t —2)2 —25=0

1
() (Gy+3) =12
() 22+ 14z + 49 = 18

(k) 22— 10z =7

(i) t(t+8)=-15
(j) a* =622+ T =0
(k) x? = 1222 +32=0
() y*—3v2y =3

(m) (4o —1)(2z — 3) = -2

r+1 3z
(n) =

2¢ — 1 z—1

-3 r—1

(0) 2t +1 a2

5. If 2 is one of the solutions of the equation 2% — 8z +k = 0, find k£ and the other solution.

6. If -3 is one of the solutions of the equation z? — kx + 3 = 0, find k and the other

solution.
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7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Find k such that —1 + /5 is a solution of 22 + 2z + k = 0.

. Find the other solution of 22 — 22 — k = 0 if 1 + v/2 is one of its solutions.

The sum of the squares of two consecutive integers is 313. Find the integers.
The sum of the squares of two consecutive even integers is 100. Find them.
The sum of the squares of two consecutive odd integers is 290. Find them.

The sum of the squares of three consecutive integers is 149. Find them.

Find two integers whose product is —12 and whose sum is —11.

Find two numbers whose sum is 2 and whose product is —2.

The product of two consecutive integers is 11 more than their sum. Find them.
The sum of a number and its square is 9 Find the number(s).

The sum of double a number and its square is 1. Find the number(s).

The sum of an integer and its square is 7 times the next consecutive integer. Find
them.

The difference of two numbers is 3 and their product is 270. Find them.

A man is 5 times as old as his son and the sum of the squares of their ages is 2106.
How old is the father?

A girl is 5 years younger than her sister and the product of their ages is 204. How old

is the older sister?

Find the dimensions of a rectangle whose area is 21 m? and its length is 1 more than
double its width.

Find the perimeter of a rectangle whose area is 80 in? and its width is 11 inch less
than its length.
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24. The width of a rectangle is 5 feet less than half of its length. Find the dimensions of
the rectangle if its area is 48 ft2

25. The height of a triangle is 5 ¢m more than double its base. Find the base if the area
of the triangle is 450 cm?.

26. The base of a triangle is 12 m less than 3 times its height. Find the base and the
height if the area of the triangle is 96 m?.

27. The sum of the base and the height of a triangle is 26 ft. Find them if the area of the
triangle is 51 ft2.

28. Find x in each of the following geometric objects.

(a) Area=42 cm? (e)
3r cm 13

x

T+ 5 cm
T+ 7

(b) Area=5 ft? (£)

2z +
x
x—1 ft
v ft 2w — 1

(c) Area=126 cm?

V73

x
2r cm
Jr—1
z+1lem (h) Area=34 cm?
(d) Area=30 m? x
1
§ZL‘ m
rm r+4
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3.5 Solving Equations Containing Fractions

To solve an equation containing fractions, we can start by clearing the denominators of the
fractions; This is accomplished by multiplying each side of the equation by the L.C.D. of all
the denominators involved. Once the denominators are gone, we solve for x. Any solution
obtained that causes a denominator of the original equation to vanish (i.e., to be zero) has to

be rejected. These “solutions”, which are not really honest solutions, are called extraneous.

Examples

Solve for z, and decide whether the solution(s) obtained are extraneous or not.

(1)

T r  x+20 .

T+2 -2 12-4

x x x+ 20

-2 2 — =(rx—2 2) -

w-ary) (- ) —e-pern 5 —
r(r—2)—z(x+2)=2+20 =
—or =20 =

r = —4.

As —4 does not cause any of the denominators to vanish, it is a genion solution.

(2)

1 B 3 _6_ N
r—4 z+4 5z
1 3 6
5 —4 4 - | = —
2z )(x+)(x—4 r+4 53:)
be(r+4) —15z(x —4) —6(x —4)(x +4) =0 =
—162°+ 80z +96 =0 —
2 —br—6=0 —
.1'1,1'2:—1, 6.

No extraneous solution; both are accepted.
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(3)

123
22—4 x+2

(x—2)(z+2) (1— 12 4) (= 4+2) ——

x2 — x+2
(x—2)(x+2)—12=3(z —2)
22 —3:r—-10=0

FEdd

xy, .1'2:5, — 2.

The only solution is 5, as —2 is extraneous! (why?)

(4)

3 T 2249

3—|—a:+:c—37:1:2—9

(v - 3)(x +3) (%:&%ig) — (=) 3)

3z —3)+z(z+3)=2"+9
6 = 18
x=3.

A

No solution at all, as 3 is extraneous!

(5) Double a number minus ten times its reciprocal is 8/3. Find the number.

Solution. Calling the desired number x, we have to solve the equation

1 8
20— 10 - — = =.
v T 3

This is easy! The solutions are 3 and —5/3.
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Exercises
1. Solve the equations.
()Sx—i—l 1 T () 2t 1 2
_-_Z i =
g 179 21" t-1 t+1
r—3 2 2x-—-17 5 3z -7
b R ; _ _
b)) =3 12 0 2 1" 779
3y—1 2 y+6 Tx 2 1
2247 k =
() =3~ 7% & st 3 132
3r+8 x—1 1 T 2
d = — | =1—--
(d) 3 5 15 ()x+4 T
2 4 3 12
(e)a:—Q_l xr—2 <m)x—4_ 4 g
5 1 7z-1 3z —1 2x
f— - = n - =T
(>2$ 2 3z (x) 3 r—1
5 1 3 3 t 2+9
(g)ﬂ_x+1+§ (0>3+t_3—t_t2—9
3y 2 S B |
h)y —— —3== L
()?J—Q 5 (p>x—1 T 2 —x
2. Solve for z.
1 10 1 2 1
(@) J+e=7 &) 53— 21~ 271
4 2 3z + 2
b) —+ = h 5=
®) 2t ord b z+3 =53
10 x 7 56
=0 ; _ —

() v+ — Sy I B
3z —1 T T 2 6
d —= — 1 —_ —_ g
(d) =3 -1 " W3 273 29"

12 3 2x 10 Te — 27
1— = k = —
(©) 1= F—1= 73 S R
6 3 1 3 1
f — = | — —
(f) = 2—x x—2 (>x—4 r+4 2
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(m) T +§_ -3 () T . 3 B 1
r—1 =z 22—z P 2242 +1 z+1 x2-3
1 6 3 2 Tx

9~ = - 1
(n) r xT+5 (a) x2—1+x—|—1 z—1
3 2 -1

4 =
r—1 x+1 x-2

3. One third of a number is 4 more than its one quarter. Find the number.

4. Find a number whose reciprocal multiplied by twelve is four less than that number.

5. Find three consecutive integers such that double the reciprocal of the middle one is

the sum of the other two numbers.

73
6. The sum of a number and its reciprocal is oY Find the number.

67
7. The sum of a number and double its reciprocal is TR Find the number.
8. Find z in each of the following geometric objects.

(a) Perimeter=3 cm

z+1 cm

(b) Perimeter=8 ft

r+1 ft
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3.6 Solving Radical Equations

A radical equation is an equation in which at least one variable expression is stuck inside

a radical, usually a square root. For instance, this is a radical equation:

Vitl+5=71,

but this is Not:
27 — 35 = 11.

A radical equation may contain more than one “radical expression”; here is one example:
5vV3x +1 —2vVx + 8 = 4/x.

Rematk 1. The “radical(s)” in a radical equation can be of any root, whether square root,
cube root, or some other roots, however, most of the examples in what follows deal with

square roots.

How to Solve a Radical Equation:

In general, we solve equations by “isolating” the variable; we isolate the variable by “undo-
ing” whatever had been done to it. When you have a variable inside a square root, you undo
the root by doing the opposite: squaring. For instance, given /x = 3, you would square
both sides:

Vr=3—= (\/5)2:32:>x:9.

It should be noted that if there is only one radical expression plus some other terms, prior
to squaring, one needs to transform these other terms to the other side of the equation,
otherwise the squaring wouldn’t remove the radical. We illustrate this in the examples

below:

Examples

(1) Solve for x: Vr+14+5=T.
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Solution.

Ve+1l4+456=7T — Vex+1=7—-5=2
2
— <\/:v+1> = 22
— x+1=4

= z=3.

(2) Solve for x: r+vVr—4=3.

Solution.

T+Vr—4=10 = Vr—-4=10—-2
— (Vo —4)? = (10 — z)?
— 1z —4=100— 20z + 2°
— 2?21z +104 = 0.

The solutions to the last equation are x = 8 and x = 13 while by checking these answers into

the initial equation, we only accept = = 8 as the only final solution (see the next example).

Check all Solutions!

One major difficulty with radical equations is that we may have done every step correctly,
but our answer may still be wrong. This is because the very act of squaring the sides can
create solutions that never existed before! To find any extraneous solution (something which
in fact is not a solution at all), you should always check your answer(s) by plugging them

back into the original equation and making sure that they fit.

(3) Solve for x: r+vr—4=10.
Solution.
As we saw in Exercise 2, we would find x = 8 and = 13, but now they are needed to be

checked by plugging back into the initial equation:

r=2_8: 8++v8—4=8+2=10.
So x = 8 is accepted whereas:
xr=13: 13413 -4=13++/9=13+3 =16 # 10,

shows that x = 13 has to be rejected.

(4) Solve for x: V2r+10 -2z =1
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Solution.

V22 4+10-—2=1 = V2r+10=2+1
— 22+ 10=2*+22+1
= 22-9=0
= ] =3, To=—3.

You can check these two solutions by plugging back into the initial radical equation to see
that © = —3 does not fit. So the only solution will be z = 3.

Remark 2. If the equation contains more than one radical expression, we may have to
square both sides several times in order to get rid of all the squares. The following examples

illustrate this.

(5) Solve V3z — 8 + /x = 4.

Solution.
V3r —8+vVr=4 = (Bz—-8)+2V3r-8/z+x=16
= z(B3zx—-8)=12—-2zx
= 2(3z —8) = 144 — 487 + 4x?
= 2°—40z+144=0
= 1, =4, 15 =730.

(6) Solve v3z +1=4

Solution.

3
(\3/3x+1> — 43 — 3r+1=64

— =21
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Exercises

1. Solve for z.

(a) Ve —3=4

(b) V2z+1=-3
(c) 7T—Vz+1=5
(d) V322 -3+3=09
(e) 2v2 = Va2 + 2z

(k) 3vr =2z +1

) 2v2r—1=z+1
(m) Ve+1-z=1
(n) V3r+10+5 =2z
(0) Va2 —4x -3 =z

f x =V3x —
(6) V2o t1=5c =5 (p) Vhz+1—2z=1

(q) r—Vi2—5=1
(r) V3z+7—-2(x—1)=0

(g) 2V +1=Va2+4
(h) 3ve —1—-2vVx+4=0
(i) 2vz = V322 — bz

() 2vT=a+1 5 o =B

2. Solve the equations for the given unknowns.

(a) VvV —5++z=5

(h) V2z+1—-V2r—-4=1

(b) Vi—8=2-Vt (i) V3n+1=1+3n-2
) Ve+1+1=+v2z () V2o —4 =3z +4-2
(d) Vs—Vs—4=1

() Vi+y+T7=1 k) Ve —4—Ve+1=1

() V2z +4+2=2Vx
(8) VBt +33—3=2V2t

() Vazr +2+V2z =2

(m) vV2z+1—+vz—10=2V3
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3. Solve the equations for the given unknowns.
(a) (2v7 —3)(2Vz +3) =7 (¢) Vo T=2
a’/‘ —
(b) Ve—1  x42
Ve+l Vot () Vo= T+ vi— —
\/5
2\/r+6
(c) 3—Vz=
VE+3 (8) VAT F5 — V& = Vo 13
36
(d) Vot+vo-9= (W) Vi+3—Vr+8++z=0

V-9
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3.7 Solving Exponential Equations and Logarithm

Let us start with some examples of basic exponential equations:

50 =125, 10*°'=0.001, 3" *'=27, 4%2=32

As you see in all of these equations the unknown appear in the exponents. To solve such an
equation without logarithms you need to have both sides of the equation having the same

bases. If the two bases are the same on both sides, then the powers must also be the same.

For instance, 5* = 125 can be written as 5% = 5° and therefore z = 3 is the answer of the

equation.

Sometimes you will need to convert one side or both sides to some common base before you

can set the powers equal to each other.

Examples

(1) Solve for x: 10%*~! = 0.001.

Solution.

1071 =0.001 = 102 '=10"°

- 2x—-1=-3
= z=-1

(2) Solve for ¢: 3+ — 97,

Solution.

Pt =97 = 31 =3

— t?’4+1=3
= t=+V2

(3) Solve for x: 4372 = 32,

Solution.

= 6z—-4=5
9 3
== = =_.
6 2
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As you see these examples are given in a way that expressing both sides with the same base
would not be difficult however there are many questions, even as simple as 2* = 5, that does
not allow us to use the same trick as above. These kind of questions lead us to the following

important subject in mathematics.

Logarithms

Definition 3.3 The logarithm of a number in a base b is the exponent to which the base
must be raised to produce that number. More specifically, for any two real numbers b and x

where b is positive and b # 1,

logry =2 <= V' =y (y>0)
For instance log, 8 = 3, since 2° = 8.
Examples

Solve the following equations for x.

(4) log,, 10000 = x

Solution.
log;, 10000 =2z = 10" =10000 = =z =4
(5) logsz =4
Solution.
logsr =4 = 5'=1 = x=0625
(6) log, 7=1
Solution.

log,7=1 = 2'=7 = 2=7

Remark 1. The logarithm to base 10 (b = 10) is called the common logarithm and has
many applications in science and engineering. For the common logarithms, the base 10 is
usually omitted, thus

log z = log;, @.
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Remark 2. The natural logarithm has the irrational number (e ~ 2.718) as its base; its
use is widespread in mathematics, especially calculus. For the natural logarithm we use the
notation

Inz = log, .

Basic Properties of Logarithms
o log,a=1
e log,1=0

e log,a" ==

Examples

It is not difficult to see:
(7) log 0.0001 = —4
(8) Ine* =3

Change of Base

The logarithm log, y can be computed from the logarithms of y and b with respect to an

arbitrary base k£ using the following formula:

Typical scientific calculators calculate the logarithms to bases 10 and e. Therefore any
logarithms with respect to any base b can be determined using either of these two logarithms
by:

logy
log, y = @,
Iny
log,y = b

Examples

Use your calculator to evaluate each logarithm up to three decimal places.
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Inb
9) log, 5 = — =~ 1.465
( ) Og3 1n3
log 7
10) 1 7= ~ —2.807
( ) 0g0.5 10g05

(11) Solve the equation 3~ = 5.
Solution.

3 1=5 = logz;h=r—1 = z-1=1465 = x=2.465
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Exercises

1. Solve the exponential equations.

(a) 3% =81 (n) 9°° =3
(b) 10* = 100000 (o) 257 % =1
(c) g4s°~1 _ 1 (p) \/§s+4 s
(d) 2¥ =16 (q) 871 = i
(e) 5271 =625 (r) 1671 = g2+2
(f) v~ =81 oy 1
(g) 7 =343 OB s

3x
(h) 47+ = 6i4 (t) (%) = 277"

2

=g () 327 = (i) +5
() 5% =5

(v) 8. 9" =27t
(k) 42$2+2x =8

V1o 1
(w) Y0
(1) 9 — 274t—3 le 105
(m) 100 = 0.015*+3 (x) 1252 . 2573 = <\/g>x
2. Evaluate the logarithms without calculator.
(a) logg 6 (f) log0.01
(b) log, 81 (¢) log, a’
(c) logy 7 1 (h) log, %
(d) log, 5 (i) log,

(e) logs 15 (i) log, v2
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(k) log1 2

(1) log: 5

(m) log1 5

3. Solve for z.

(a) log, 64 =3

(b) log, 216 =3

(c) log, b= —1

(d) log, 16 = —2
—1

(e) logx \/g = 7

(f) logyz = -3

(g) logiz=3

1
(h) logygz = )

4. Use your calculator to evaluate.

(a) logs3
(b) 10g3%
(c) logy, 11

(d) log;3.32

5. Solve for z.

(n) Ine*
(0) Inl

(p) logv/10

() logi(2z+1) =4
(m) log 1.% =5

(n) log,(3z —2)=3
(0) Ine2+7 = —8

(p) In(3)* =3

(e) log1 76
(f) log,5 14
(g) loggos V5

(h) logg,51.12

(e) 31 =2
1
f 23m+2 S
(f) 3
(8) 107 =5
(h) e 7 =12
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3.8 Solving Linear Inequalities

A linear inequality is obtained if in a linear equation the sign = is replaced by any one of
the following
<, <, >, > .

Here are some examples:

r+2>0,

8r+1>bx — 2,

10(z — 1) <5 —(2x + 3),

2(r —3) =5 <3(x+2)—18.
To solve a linear inequality, we isolate the variable—as we do in the case of a linear equation—
by performing the same operations on each side of the inequality, except that we should

reverse the inequality sign (e.g., < becomes >, < becomes >, etc.) whenever we

either multiply or divide the two sides of the inequality by a negative number.

Examples

(1) Solve the inequality bx + 2 > 22.

Solution.

Sr+2>22 = bxr > 20

= x > 4.

Remark/Notation. It is customary in this topic to use “interval” notations for the

solutions of inequalities. The interval notations are defined as follows:

Inequality | Solution Set/Interval
a<z<b [a, b]
a<z<b [a, b)
a<z<b (a, b
a<x<b (a,b)

r<b (—00,b)

r<b (—o0, b]

r>a (a,+00)

r>a la, +00)
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So the solution to (1) can be given in interval notation as (4, 400).

The geometric interpretation of the solutions of inequalities are given as following solution

graphs.
Inequality Solution Graph
a<x<b . °
a<zr<b .a b >
a<x<b \Ja .b .
a<xr<b a b .
xr<b ¢ b
r<b .b
T >a o b
T >a =a
a
(2) Solve the inequality 2(x —3) <6(z+1).
Solution.

20 —6<6xr+6 — —4r <12
— x> —3.

So, the solution set is [—3,4+00) and the solution graph is given by

i) 0

(3) Solve the inequality 7(5x —2) —9(3x + 1) > 5(3xz — 8) — 53.

Solution.

3dr —14 —-27x —9 > 152 —40 - 53 = —Tx > —-T70

— z < 10.

So, the solution set would be (—o0, 10) and the solution graph is
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(4) Solve the “double” inequality — —4 <3z —7 < 3.
Solution.

—4<3x—-7<3
— A4+ T7<3x<3+7
— 3<3r<10

= 1<z<10/3.

and the solution set is (1,10/3] and the solution graph is

o
1 10/3

5
(5) Solve the inequality 8 <3 — 5% < 18.
Solution.

)
8§3—§:1:<18
= 16<6—5r <36
= 10 < =5z < 30

— —22>x>—6 orequivalently —6 <z < —2.

Thus, the solution set is (—6, —2] and the solution graph is as follows

—6 2
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Exercises

1. Solve each inequality and give the final answer using inequalities, intervals and on the

real line.
(a) 9z + 13 > 8z

(b) bx +7<2x+1

(€ 2w +1) <~
(d) Bz +7<4x—2

(e) 9—2z>24+ 3z

(f) 9z —1) > 13+ 7z

(g) 2(x —3)—5<3(x+2)—18
(h) 3(2—2) >« + 52

(i) 20— 3(x +1) > 4(x —3) +9
G) 2(x+1)+22-32>2—6
(k) 0.10(18 + z) < 0.252 — 1.2
) 3<z—2<7

(m) 8 >2x+5>—1

(n) 0<10— 5z <11

(0) 4<Tor+3<24

(p) 5<1—-22<10

1
(q) 8>2+§x2—1

(s) —3<122-2<5



Chapter 4

Functions

4.1 The Rectangular Coordinate System

The rectangular coordinate system is formed by considering the right-angle intersection
of a horizontal real number line called the z-axis and a vertical real number line called the
y-axis. The coordinate system is often also referred to as the Cartesian plane.

Y

A

P(z,y)

This yields a one-to-one correspondence between the points P in the plane (geometry) and
the ordered pairs of real numbers (z,y) (algebra), where x and y are the coordinates of the
point P. In other words, we get a “dictionary” between geometry and algebra.

For instance, the phrase “consider the point (1,2)” is understood in this context as “consider
the specific point in the plane which corresponds to the pair of real numbers (1,2). Or
conversely, when we say “the circle 2 + y?> = 25 passes through the point (3,4)” what we
really mean is that there is a circle the coordinates of all of whose points satisfy the given
equation, and it is this circle which passes through the point in the plane whose coordinates
are (3,4).

The z-axis and and y-axis together divide the Cartesian plane into four partes called Quad-

rants. Both coordinates of a point which lies in Quadrant I are positive. In Quadrant II,
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only the y-coordinate is positive, etc. The x of a point is zero if and only if it lies on the
y-axis; similarly, the y of a point is zero if and only if it lies on the z-axis. The unique point

whose both coordinates are zero is denoted by O(0,0) and will be called the origin.

Distance Formula Given two points A(x1,y;) and B(zs,92), the length of the line

segment joining A and B is given by the formula

d = /(21— 22)? + (11 — 2)?

Examples

(1) The distance between the points A(—4,7) and B(1, —5) is

d=/((—4) = 1)24 (7= (=5))2 = /(—5)2 + 122 = V169 = 13.

(2) The distance between C'(2,3) and D(1,1) is equal to

d=+v(2-12+3B-12=vV1+4=15

Midpoint Formula The middle point M of the line segment joining A(zy,y;) and
B(xg,y2), which is equidistant from both ends, is called the midpoint. The coordinates of

M are given by the following formulas:

r1+ X9 Y1+ Y2
Ty = 5 and  yy = 5

Examples

(3) The midpoint of the line segment joining A(4, 1) and B(6,—3) is

446 14+ (=3)\
L)

M (za, ym) = (

(4) Find the other endpoint of the line segment with one endpoint as A(—1,—1) and with
the midpoint as M(1/2,1).
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Solution. Calling the other endpoint B(zp,yg), we have

1
IM:1/22#2>—1+@5:1:>1’B:2.

And in a similar manner, one finds yg = 3.

(5) Find the point(s) on the y-axis that are a distance of 5 from the point (3, 5).

Solution. A typical point on the y-axis can be expressed as (0,y) (why?). So our problem
is to find y such that

V(0 =3)2+(y —5)* = 5.

This is a rather simple radical equation whose solutions are y; = 1 and y, = 9 and thus the
points are (0, 1) and (0,9).
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Exercises
1. Find the distance between the given points.
(a) (2,1) and (6,7)
(b) (—1,1) and (2, 3)
(¢) (3,7) and (—7,—3)
(d) (=5,0) and (—1,-3)

1 =5 -3 =2

(©) (55 and (57, 2)

(1) (2,8) and (5, 5)
(g) (V2,—2) and the origin
(h) (3v/3,-2) and (v/3,2)
(i) (a,—b) and (—a,b)
2. Find the midpoint of the line segment between the points.
(a) (4,3) and (—2,5)
(b) (—6,—2) and (—3,5)

(¢) (—4,7) and the origin.

() (~5,0) and (-2, )
(©) (5,~3) and (2, )

(f) (2v3,-2V/5) and (v27,v20)
(8) (V2,-5) and (3v2,3)
(h) (a+b,b—a) and (a —b,b+ a)

3. Find the end point of the line segment whose midpoint is (—1,3) and the other end
point is (—5,4).
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4.

10.

11.

12.

13.

14.

15.

25 1
If the end point of a line segment is given by (g, 5) and its midpoint by (—3, 5), find
the other end point.

Find the perimeter of the triangle whose vertices are (—2,1), (4,3) and (1, —3).

Find the perimeter of the rectangle whose vertices are (—2,5), (3,5), (3,—4) and
(—2,—4).

2 2
Find the area of the rectangle whose vertices are (3’ 2), (=

1 —1), (0,2) and (0,—1).

Find the area of the circle whose center is located at (—1,3) and passes through the
point (2, —3).

Show that the point (—3,2) is equidistance from (—4, —2) and (1, 1).

Find the point on the y—axis whose distance to the point (3,5) is 5 unit.

Find the point on the z—axis that is equidistance from the points (1, —2) and (3, 1).
Find y such that the point (4,y) is equidistance from (-1, —1) and (1, 3).

Find 2 if the distance between (z, —1) and (2,1) is 2v/2.

Find y if the distance between (—3,) and (2,8) is 5v/2.

Show that the points A(1,—3), B(8,—7) and C(5, —1) form a right-angled triangle.
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4.2 Introduction to Functions

Definition 4.1 A function is a rule or an assignment f which to any member x of a set
called domain corresponds one and only one member y of another set called range.
Therefor each input x uniquely determines one output y.

This assignment is traditionally denoted by y = f(z). x is known as the independent

variable, whereas y is called the dependent variable.

Examples

(1) The function f which to any person it assigns its age:
f(a person) = his/her age.

The domain of f is the set of all people, and its range is the set of all possible ages.

2) The function ¢ which assigns to any triangle A its area:
( g g y g
g(A) = the area of A.

The domain of g is the set of all triangles and its range is the set of all positive numbers
(why?)

(3) For each person, his height is a function of his age, however, his age is not a function of

his height. (explain why?)

Representing Functions. There are six different ways to introduce functions:

(I) By Words

A function can simply be described by words. For example, the function u which to any
number assigns 5 more than twice that number. For instance, u(10) =5+ 2 x 10 = 25.

Or, the function which to any country corresponds its currency. For instance, g(Canada)=
Canadian dollar.

(II) By Arrows

We may use an arrow to indicate the assignment y = f(z):

r— f(x) or xi>y
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For instance, with f as the “age function”, if John is 33 years old, we may write

John i> 33.

(ITII) By Ordered Pairs
We may consider a function as a collection of ordered pairs (x,y), where y is what f corre-
sponds to x, that is to say, an ordered pair (z,y) belongs to f if y = f(x). For example if

we write
h={.,(=3,9),(-2,4),(—1,1),(0,0),(1,1),(2,4),(3,9), ...}

we understand that h is the function with the set of integers as its domain which sends any

integer number to its square:
vy h(=3) =9,h(=2) =4,h(—1) = 1,h(0) = 0,h(1) = 1,h(2) =4,h(3) =9, ...

We should remark that a collection of ordered pairs need not necessarily represent a function;
for example the collection R = {(1,2),(2,3),(3,4),(1,5)} is not a function since z = 1
corresponds to two distinct y’s; in other words, an ambiguity will arise if one writes R(1)
(why?)

(IV) By Tables
The following table represents the input, number of the month (January=1,...,December=12)

and the output is the total precipitation in mm for each month in the year 2013, in Ottawa.

input: x 1 2 3 4 ) 6 7 8 9 10 11

12

output: y = f(z) | 40.4 | 52.4 | 43.4 | 101.5 | 87.0 | 131.0 | 109.0 | 113.8 | 81.8 | 80.6 | 84.7

56.4

For instance the precipitation of February was 52.4 mm or in other words f(2) = 52.4.

The following table defines the function g(n) = y where n is the age of the kids in primary

school and y represents their average height in inches.

input: n D 6 7 8 9 10 11
output: y = g(n) | 41.0 | 42.5 | 43.4 | 45.2 | 48.0 | 51.7 | 54.1

Based on this table the average height of the 10 year old students in grade 5 is 51.7 inches

and we can write it as g(10) = 51.7
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(V) By Formula

When = and y are both numbers, most often the assignment which defines a function can
be described by a formula relating z and y. For example, the function v introduced earlier
can be written as y = u(z) = 5 + 2z; or the formula of the function h is y = h(z) = 2.

Ezxpressing functions by formulas has the widest applications in mathematics!

(VI) By Graph

Another useful way of giving functions is by their graphs. The graph of a function f is
by definition the collection of all points (x,y) in the Cartesian plane that correspond to the
ordered pairs (x, f(z)) of the function where y = f(x).

We should remark here as well that the graph of a function can not contain two points on a

vertical line. This observation is known as the Vertical Line Test.

Examples

(4) Given the function f(x) = 32% + 2z — 4, find
(a) f(—1); (b) the value of x when f(z) = 12; (c) f(a); (d) f(z+1); (e) f(z +1).

Solution.

(a) We plainly have f(—1) =3(—1)2+2(-1) —4 = -3;

(b) We need to solve the equation 3z%+2x—4 = 12. The solutions are z; = 2 and 75 = —8/3;
(c) We obviously have f(a) = 3a* + 2a — 4;

(d) Similarly, we note f(z+1) =3(z +1)> +2(z + 1) —4 = 32* + 8z + 1;

(e) And finally, we see f(z +1t) = 3(z +1)* + 2(x + t) — 4 = 32? + 6tx + 2z + 3t* + 2t — 4.

152 =7
(5) Find the domain of f(x) = ’

2?2 — 31’
Solution. For a given value of z, the only condition for f(z) to make sense is 22 — 3z # 0.

But 22 — 3z = 0 only when z = 0, 3. Thus, the domain of f is all real numbers with 0 and

3 removed, namely

Dy =R\ {0,3}

Dy = (—00,0) U (0,3) U (3, +00).



4.2 Introduction to Functions 89

(6) Find the domain of f(x) = v4 — 2x.

Solution. Here the condition is 4 — 2x > 0 and this happens if x < 2. Therefore, we

conclude that
Df = (—OO, 2]

flz+h) - fx)
h

(7) Find and simplify if f(x)=2*—5z+ 3.

Solution. We have

flat+h) = flx) _ ((z+h)?=5(z+h)+3) — (22 — 5z + 3)
" _ (:c2+2xh+h2)—;51?—5h+3—x2+}5w/—3
_ %+2xh+h2—5h—zf
h(2x+h—g)

h
= 2z+h-—05.
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Exercises

1. Determine whether each collections of ordered pairs is a function:

(a) {(=1,3),(2,2),(3,4),(0,0)}

(b) {(0,-3),(=2,2),(3,—4),(=3,0)}

(¢) {(=7,5),(3,5), (0, =4),(=1,6),(7,5)}

(d) {(4,3),(=2,2),(=3,4),(=2,0), (1, =1), (5, =)}
() {(1,3),(2,3),(v3,3),(=5,3),(~11,3)}

2. Determine which table represent y as a function of x.

(a) x| 13711 |22]25]|27 T |y
a
318|110 | 8| 7] 3 11-3
(e)|2]-3
(b) x| 113345711 5| 3
S840 (2]|7(1 -1 3
-1 3 7111
© ; 3 1410(2|7] 1 O
° 7] -3
z |y (f) {12 | -3
11 3 81| -9
9 -9
16 | -12

3. Determine which graph represents a function.

(a) (b)
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(c) ()

4. Find the domain and the range of the following functions.

(a) {(_17 3)7 (27 2)7 (3? 4)7 (07 0)7 (_37 3)7 <_77 3>}

(b) {(07 _3)7 (_27 _3)7 (37 _3)7 (_37 _3)7 (57 _3)}
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(C) { o (_373>7 (_272)7 (_17 1)7 (070)7 (17 _1)7 (27 _2>7 (37 _3)7 o }

5. Let f = {(_4a 2)7 (27 2)7 (3’ _4)’ (Oa _3)’ (_3’ 1)7 (_Qa _2)a (17 0)} find (a) f(0)7 (b) f<_4)7
(c) f(f(=3)), (d) Find = where f(z) = 1.

6. The function y = g(x) is given by the following table:

x 2013|5711 1317 19 | 23
y=g(x)|[1]2]|4]8]|16|32]|64| 128 | 256

Find (a) ¢(3), (b) ¢g(13), (c) g(9(3)), (d) Find x where g(z) = 128.

7. The function y = h(n) is given by the following table:

n ol1]3]7]o]11]14]17]20
y=hn)|1]2]2]8]6]| 28] 7]6

Find (a) h(3), (b) h(11), (c) h(h(17)), (d) Find n where h(n) = 6.
8. Find the domain and the range of the functions g and h given with the tables above.

9. For each of the following functions evaluate f(—2), f(—1), f(0) and f(3) where possi-

ble:

(a) flz)=5—2z () f(z) = 2°

(b) f(z) =32 —2z+8 (&) f(z) = VT T12-3
() fz) =—a®+2x () fz) = VT =2

(d) f(z) = (z —2)(z +3) () fa) = ijjr?l,

© fla) == Q) fla) = 3"

10. Complete each ordered pairs (x,y) for each function.
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(d)y:v$—3 (3a )7 (73)

11. Given the graph of the linear function f, evaluate (a) f(0), (b) f(2) and (c) solve
f(z) =0 for .

12. Given the graph of f below, evaluate (a) f(2), (b) f(0) and (c) solve f(z) = 2 for z.
Yy

13. Given the graph of the function g below, evaluate (a) ¢(3), (b) g(—1) and (c) solve
g(xz) =0 for x.

14. If f(z) = Tz — 2, evaluate (a) f(—3), (b) f(11), (c¢) f(f(0)) and (d) solve f(z) =4

for x.

15. If g(x) = 322 + 5z — 2, evaluate (a) g(0), (b) g(—1), (c) g(g(1)) and (d) solve g(z) =0
for x.

16. If f(x) = z + 1 and g(z) = 2?, evaluate (a) g(3), (b) f(—1), (c) f(—2) + g(3), (d)

() (©) 29(-2) 4 371, (O) a(~1al3). (&) =
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17. Let f(x) = =3z + 5, evaluate (a) f(—3), (b) f(a), (c) f(a+2) and (d) f(a)+ f(2).

18. Let g(z) = ’ ; 1, evaluate (a) g(g(1)), (b) g(x+1), (c) g(x—1) and (d) g(z) —g(1).

19. Let f(x) = i;i, evaluate (a) f(x +2), (b) f(é), (c) f(z)+1and (d) f(z)+ f(1).

20. Find the domain of the following functions.

(a) fz)=—3z+2

(b) f(z)=22*—-3z+1

(c) glx) =a® —x+7
20 — 1

(d) h(z) = —

(©) flr) ="

N e E—

(g) flz) =ve—1

(h) h(z)=v2—2

(i) S = Y-

2z
(J) f(x) - \/m
r—1
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4.3 Linear Functions; Slope and Equation of a Line

Definition 4.2 A function that can be expressed in the following form
f(z) =ax +0, (a,b € R),
15 called a linear function.

The main reason for being named so is that the graph of such function is a (straight) non-
vertical line (explain why non-vertical?)

Such line will always cross the y axis, and the point of intersection is called the y-intercept.
It, however, might or might not have an z-intercept depending on whether its graph is
horizontal or not. In case the line is not horizontal, the point of intersection with the z-axis
is accordingly called the x-intercept. One of the significances of the intercepts is that one

can easily sketch the graph of a linear function as all one needs is no more than two points!

The domain of a linear function f(z) = ax + b where a # 0 as well as its range is the set
of all real numbers: R = (—o00,400). In the case a = 0, the domain is the set of all real
numbers whereas its range is only {b}.

As we know a vertical line can not be considered as a linear function (why?), however, one
can still study vertical lines as a category of lines. The general equation for lines that also

includes vertical lines is

Arx+ By =C

where A, B and C' are real numbers and at least one of A or B is not zero.
Examples
(1) For a linear function f, if f(0) =3 and f(2) = 13, find

(a) the formula of f; (b) f(—2); (c) the value of = such that f(z) = 15; (d) sketch its
graph.

Solution.

(a) Setting f(x) = ax + b, we have

ax0+b=3 and ax2+b=13,
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from which we get a =5 and b = 3. Thus f(x) = 5z + 3 is the formula of f;
(b) Now obviously we have f(—2) = 5(—2) +3 = —T7;
(c) By solving 5z 4+ 3 = 15 for x one easily finds x = 12/5;

(d) Plot the points (0,3) and (2, 13), and then join them by a straight line!

y

/ :

/

The Slope and Equations of a Line

Definition 4.3 The slope of a line describes its steepness or incline. A higher slope value
indicates a steeper incline. The slope is defined as the ratio of the “rise” divided by the “run”
between any two points on a line, or in other words, the ratio of the altitude change to the
horizontal distance between any two points on the line. Thus, given two points (z1,y1) and

(x2,y2) on a line, the slope m of the line is

Y2 — Y1
m:
Lo — X1

Slope-Point Formula

The equation

y—ylzm(ﬂf—ﬂfl)

describes the line whose slope is m and which passes through the point (x1,y;). In particular,
if the given point happens to be the y-intercept (0,b) of the line, the equation above takes
the following standard form:

y=mzx+b

Examples
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(2) The slope of the line through the points (2, —3) and (—1,6) is

(=3) =6 _

m:2_—(_1)——3.

(3) An equation of the line through the point (1,5) with slope 3 is
y—5=3(x—1) or y=3r+2.
(4) An equation of the line with slope 4 whose y-intercept is (0, —2) is

y =4x — 2.

Parallel /Perpendicular Lines

If m; and ms are the slopes of two lines, the necessary and sufficient condition for the two

lines to be

e parallel is that | m; = my |;

e perpendicular is that miyms = —1, or equivalently that | my = ——

Examples

(5) Use slopes to show that the three points A(3,8), B(1,5) and C'(—1,2) are co-linear, that

is to say, they all lie on one line.

Solution. It will suffice to show that the slope of the line through A and B is equal to the

slope of the line through B and C' (explain why?):
_Ys—ya _5-38 _Yo—ys _ 2-5

= =3/2 = =3/2
rg—x4 1—3 /2 mBo xc—rp —1-—1 /2

MmAB

(6) The two lines 2z — 4y + 6 = 0 and 2x + 9 = —y are perpendicular since their slopes are

reciprocal-opposite of each other:

m1:1/2, m2:—2.
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(7) An equation of the line through (—4,3) and (—2,5) is

y—->5H=———(x—(-2) or y=ux+T.

(8) It is known that the rate at which crickets chirp is linearly related to the air temperature.

At 59° F, they chirp 76 times per minute, and at 65° F, they chirp 100 times per minute.
(a) Find the linear equation relating the chirping rate y to the air temperature x in ° F;
(b) What is the chirping rate at 90° F?

(c) What would you predict the temperature to be if you counted 120 chirps during 1 minute?

(d) Below what temperature would the crickets be silent?

Solution.

100 — 76
65 — 59
(b) y = 4(90) — 160 = 200

(a) y — 100 = (x —65) =4(x — 65) = y =4z — 160

(c) 120 = 4z — 160 = z = 70°F

(d) 0 =4z — 160 = z =40°F
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Exercises

1. Find the slope of the line through the given points. Write an equation of the line and

graph it.
(a) (3,5) and (2,7) (f) (=3,7) and (0,5)

(b) (~1,2) and (2, —4) (g) (—2,—4) and (—4, —2)
(c) (0,0) and (—2,4) (h) (1,-2) and (—1,1)
(d) (1,-3) and (2,3) (i) (3,5) and (=7, 5)

(e) (~1,-3) and (1,-5) () (~1,—4) and (—1,7)

2. Find an equation of the line with slope —2 and the y-intercept (0, 3).

-1
3. Find an equation of the line that contains the point (—1,0) and has slope ER

4. Find an equation of the line with slope g and through the point (2, —2).
5. Find an equation of the line that contains the points (—1,4) and (2,9).
6. Find an equation of the line passing through the points (0,0) and (—3,7).
7. Find an equation of the line with intercepts (0, —2) and (4, 0).
8. Which pair of the following lines are parallel?

(a) y=-3x+2and 2y +3x =1 (c) 2x—4y:7andy:%a:

(b) 2z —y=—-5andy—2x+3=0 (d) 2r —3y=5and 3z —2y =5

9. Determine whether the pair of lines are perpendicular or not.
(a) y=-3z+2and y + 3z =1 (¢) x4+ 3y="7and y =3z

(b) 2r—y=—-5and2y+x+3=0 (d) 2¢ —3y=5and 3z +2y =5

10. Find an equation of the line through the point (—3,4) and parallel to the line y =
—3x + 2.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Find an equation of the line that contains the point (3, —1) and is parallel to the line
2z — 3y = 5.

Find an equation of the line that contains the point (=5, —4) and is parallel to the

T-axis.
Find an equation of the line through the point (3, —4) and parallel to the y-axis.

Find an equation of the line through the point (1, —2) and perpendicular to the line
y=—2x+7.

Find an equation of the line that contains the point (—1,—4) and is perpendicular to
the line 3z — 2y + 9 = 0.

Find an equation of the line through the point (—3,—2) and perpendicular to the

T-axis.

Find an equation of the line that contains the point (4,—1) and is perpendicular to

the y-axis.
Show that the points (3,8), (1,5) and (—1,2) are co-linear.

Use slopes to show that the points (—1,—3), (6,1) and (2, —5) form a right-angled

triangle.
Find k if the line y = kx — 5 passes through the point (-2, 3).

If (—4,11), (2, —4) and (6, n) are coordinates of three points on the same line, determine

n.
Find a if the lines ax — 2y = 5 and y — 3x — 7 = 0 are parallel.

Find k if the line kx — 5y = 3 is perpendicular to the line 3x — 2y = 7.
Find the linear function f such that f(2) =3 and f(—1) = 1.

Find the linear function f such that f(—5) =1 and f(0) = 4.

Find f(—3) if the linear function f satisfy f(—6) = —1 and f(—2) = —5.

The following table show y, the weight required to stretch a spring in different distances

x; where the weight is measured in kg and the distance in cm.
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28.

29.

30.

31.

32.

Distance: z | 3 | 5 6 8
Weight: vy | 14 | 19 | 21.5 | 26.5

(a) Is the function y = f(z) a linear function?
(b) Find f(2).
(c) Find z if f(z) = 17.5.

The table below shows the final grade, y, of the students of a math course based on
their term work ,x. Fill up the table assuming that the final grade of each student is

related by a linear function to his/her term work mark.

Term work: = | 45 | 50 | 70
Final grade: y | 34 64 | 82

It costs $350 to print 100 copies of a manual and $800 to print 250 copies.
(a) Express the cost, y, in a linear equation with the number of copies, .
(b) How much would it cost to print 650 copies?

If y represents the amount of water which evaporates from a swimming pool in summer
and x represents the surface area of the pool, then express y as a linear function of x
where 24 and 30 gallons of water evaporated from two swimming pools of surfaces 120
and 150 square feet respectively. How many gallons of water would evaporate if the
surface of a swimming pool is 210 square feet? What is the surface area of a swimming

pool if 21 gallons of water evaporates from it during summer?

In a factory, it costs $2.25 per key chain to be produced and the daily fixed cost is
$755. Express the total daily cost C'(z) in terms of the number of key chains produced,
x. Then find the total cost if 1027 key chains are produced in one day.

In a small city, the taxi fare y in $ is a linear function of the distance x moved in km.

Write the linear equation between y and = and then fill up the following table.

distance x in km | 0 5 8 10
taxi fare y in $ 9.50 15.75 | 25.75
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33. The population, y, of a small city has been growing linearly since 1985 as follows:

y = 2755z + 12000

where z is years since 1985.
(a) What was the population in 19857
(b) What was the population in 20007

(c) When will the population reach 100,0007
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4.4 Quadratic Functions
Definition 4.4 A function that can be written in the form of
f(z) = ax® + bz +c, (a #0),
1s called a quadratic function. The graph of a quadratic function is called Parabola.

Examples

Any one of the following is a quadratic function:

(1) f(x) = 22, (a=1,b=c=0);

(2) y = —2? + 2z, (a=-1,b=2,¢=0);

3) f(z)=(zr—1)* =2 -2z +1, (a=1,b=-2,c=1);

(4) y=3(x+2)*+5 =322+ 122 + 17, (a=3,b=12,c=17).

Important Line/Points

In the parabola described by the function y = f(x) = ax? + bz + ¢, the following are of

special interest:

b
e axis of symmetry: the vertical line described by the equation x = —— which divides

a
the graph into two perfect halves is called the axis of symmetry; the two sides of the

parabola on either side of the axis of symmetry look like mirror images of each other.

b b
vertex: (—2—,f(—2—)); the vertex of a parabola is either the “high” point or the
a a

“low” point of the graph. In other words, the y-coordinate of the vertex is either the

maximum or the minimum value of the function.

y-intercept: (0, f(0)) = (0,¢); this is the point of intersection between the parabola
and the y-axis.
z-intercept(s):

(i) the parabola has two x-intercepts (z1,0) & (22, 0), if the equation az? +bx +c =0
has two distinct roots x1 & x9; this happens if and only if A = b? — 4ac > 0.

(ii) the parabola has only one x-intercept (z1,0), if the equation az?® + bz + ¢ = 0 has

only one solution; this happens if and only if A = 0.
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(iii) the parabola has no z-intercept at all if the equation az?® + bx + ¢ = 0 is not
solvable; this happens if A < 0.

Domain and Range

(i) The domain of any quadratic function is all the real numbers

R = (—o0, +0).

(ii) As for the range, there are two possibilities:

(I) if @ > 0, the parabola “opens upward” and therefore has a low point. This is equivalent

b
to saying that the function has a minimum value which is f (—2—) In this case the range of
a

fis )
[F(=50), +20).

(IT) and if a < 0, the parabola “opens downward” and therefore has a high point. Equiva-

b
lently, the function has a maximum value, again given by f (—2—) In this case, the range
a

of fis
b

(~00, f(=5-)]

Examples

Sketch the graph of each quadratic function, indicating its vertex, the z-intercept(s), the

y-intercept and the range.

(5) f(z) =2® —4x + 3. Yy

Solution.

The vertex: (2,—1)

The y-intercept: (0, 3)

The z-intercepts: (1,0) and (3,0)

The range is [—1, 00) \‘\ /
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(6) f(x)=—2*—2+6 Yy

Solution.

The vertex: (3, 2) yan
N\
The y-intercept: (0, 6) / \

The z-intercepts: (—3,0) and (2,0) 7 x

The range is (—oo, 2]

(7) Consider f(z) = 2%+ 992 + 18. Find the value(s) of x such that f(2z) = 2f(x).

Solution. We have

f2r) =2f(x) = (22)* +99(2x) + 18 = 2(2* + 99z + 18)
= 4% + 198z + 18 = 22” + 1987 + 36
= 22°—-18=0
— 2z —3)(z+3)=0
= 11 =3, = —3.
(8) If f(x) = ax? + bx + ¢, find f(—%).

Solution. We have

f - =a _b 2+b b +c—b—2—b—2+c——_b2+4‘w—_é
2 ) 2a 2a  4a  2a a 4a  4a
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Exercises

1.

10.

Find the vertex, the intercepts and the axis of symmetry and graph the parabola. Then
find the range of the quadratic function.

(a) f(z) = 3a? (8) y=a"+62+5

(b) y=2" (h) f(z) =322 — 4z +1
(c) f(z) =—22? (i) y=—2® +4o -1
(d) y=—2*+3 (j) y=—32>+5x+2
(e) f(x) = 22> 6x (k) f(z) = —22%+4z + 3
(f) flz)=2%—42+3 (1) y =422 — 4z +1

Let f(z) = 2% — 2z — 3, find: (a)f(3), (b)f(-3), (¢) z if f(z) =

Let f(z) = 22* — 3z, complete the following table:

x| -1

N =

010

. Find f(x) = ax® + bz + ¢ where f(0) = —8 and the vertex is (1, —9).

Find a quadratic function whose vertex is (0,—1) and its graph contains the point

(—2,-5).

Find the quadratic function whose vertex is (1, —4) and its y-intercept is (0, —2).

. Among all pairs of numbers whose sum is 16, find a pair whose product is as large as

possible. What is the maximum product?

. Among all pairs of numbers whose sum is 32, find a pair whose product is as large as

possible. What is the maximum product?

. Among all pairs of numbers whose difference is 24, find a pair whose product is as

small as possible. What is the minimum product?

You have 600 meters of fencing to enclose a rectangular region. Find the dimensions

of the rectangle that maximize the enclosed area. What is the maximum area?
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11.

12.

13.

14.

15.

16.

17.

You have 80 yards of fencing to enclose a rectangular region. Find the dimensions of

the rectangle that maximize the enclosed area. What is the maximum area?
The total daily cost C(z) of producing x TV sets is given by
C(x) = 1.72° + 10x + 752.
What is the cost of producing 25 TV sets? What is the fixed cost per day?
The revenue from selling = units of a product is given by
R(z) = —0.012% + 10z.

How many units must be sold to get maximum revenue? What is the maximum

revenue?

A company’s daily profit, P(x), of manufacturing and selling bath cabinets is given by
P(z) = —2% 4 150z — 4425,

where x cabinets are made and sold per day. How many cabinets should be manufac-

tured and sold per day to maximize the profit? What is the maximum profit?

A person standing at the edge of a 32-meter building throws a baseball vertically

upward. The quadratic function
h(t) = —16t* + 64t + 32

models the ball’s height above the ground, h(t) in meters, t seconds after it was thrown.
After how many seconds does the ball reach its maximum height and what is the

maximum height? After how many seconds does the ball hit the ground?
The height h in meters of a ball in a soccer game, t second after it is kicked is given by
h(t) = —2.5t% 4 15t.
When does the ball reach its maximum height and what is its maximum height?
The height h in meters of a diver ¢ seconds after jumping off a platform is given by
h(t) =9+ 7.2t — 1.8t

What is the height of the platform? When does she hit the water? Find also her

maximum height.



Chapter 5

Trigonometry

5.1 Right Triangle Trigonometry

In this section we introduce the basics of trigonometry. The word trigonometry is the

13

combination of two Greek words Trigonon “triangle” and Metron “ measure”. While
we confine ourselves here only to right-angled triangles, it should be pointed out that this
subject can be developed in a much more general setting and completely independent of

triangles; a topic which you will learn in more advanced mathematics courses.

Given a right triangle, let  denote one of the acute angles in the triangle, as shown below.

We define the trigonometric functions as follows:

B
Opposite Hypotenuse;(c)
side;(a)
0> A
Adjacent side;(b)
. a Opposite ¢ Hypotenuse
sinf=—=—+——|cscl=—= ———
¢ Hypotenuse a Opposite
b Adjacent ¢ Hypotenuse
cos=-=—"—|secl=-=———
¢ Hypotenuse b Adjacent
a  Opposite b Adjacent
b Adjacent a  Opposite
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Examples

(1) Find all the trigonometric functions of the angle A in the following triangle.

C A
Solution. b=8

First we use Pythagorean Theorem a? + b? = ¢? to find the hypotenuse.

62482=¢ = 100=c2 = c=10

Now we have:

6 3 8 4 6 3
sin 0" 5 COos 0" 5 tan 3”1

) ) 4
CSCA:§, secA:é—L, cotA:§

(2) Find all the trigonometric functions of the angle B in the following triangle.

B
c=8
a
A C
b=06

Solution.

We will find a using Pythagorean Theorem a? + b* = 2.

A2+ 62=8 = ¢2=28 = a=+V28=2/7

Thus:
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Special Angles

To find the trigonometric functions of the three important angles 30°, 45° and 60° (often
referred to as special angles), we will look at the following two triangles. First we study
the isosceles right triangle whose sides are 1 unit and therefore its hypotenuse is v/2. In this
triangle the acute angles A and B are 45°. So:

B
45
5
V2 1
445 C
1
I -] S ) U
5 2 5 2 1
csc45°:\/§ sec45°:\/§ cot45° =1

In order to find the trigonometric functions of 30° and 60°, we draw a right triangle whose
acute angles are 30° and 60°. Using a well known theorem in geometry in such a right-angled
triangle, the side opposite to the 30° angle is always half of the hypotenuse. Assuming that
the hypotenuse ¢ = 2, the opposite side to the 30° must be a = 1 and so the other side will
be b = /3 (see the figure below). Therefore:

B
60
2 1
OO
A C
V3
sin 30° = 1 cos 30° = \/_5 tan 30° = i — E
2 2 V3 3
2 23
csc30° =2 | sec30° = — = X7 | cot30° = /3
V3 3
1
sin 60° = \/73 cos 60° = 5 tan 60° = /3
2 2 1
CSCGUO:—Zﬁ sec 60° = 2 COt6OO=—:£
V3 3 V3 3




5.1 Right Triangle Trigonometry

111

Examples

(3) Find the exact value of:

(a) sin60° cot 30° tan 45°

(b) sin45°(tan 45° + cot 45°)
(c) cos®60° + sin® 60°

(d) tan® 60° + sec 30° sin 45°

solutions. /3
3 3
(a) We have: sin 60° cot 30° tan 45° = 5 V3-1= 3
2
(b) Similarly: sin45°(tan 45° 4 cot 45°) = \/7—(1 +1) =2
1 3 1 3
(c) Likewise: cos®60° + sin® 60° = (5)2 + (%)2 =1t1= 1

2
(d) And finally tan? 60° 4 sec 30°sin 45° = (v/3)? + 2£ =3+2

2
(4) Find z in each case. (Use your calculator.)
(a) B
T
ARZ C
15
B
(b)
36 T
A=3T C
B
(c)
o4
2 X




5.1 Right Triangle Trigonometry 112

Solutions.

(a) tan42° = 135 = 2 = 15tan42° = 15(0.90040) =~ 13.51
(b) sin37° = ;—6 = 1= 36sin37° = 36(0.60182) ~ 21.67
(c) cosb4® = g = 1z =2cosb4° =2(0.58779) =~ 1.18

(5) A tree casts a 21 m long shadow when the angle of the elevation of the sun is 26°. How
tall is the tree?

Solution. Denoting the height of the tree by h, we have

h
tan 26° = o1 = h=21tan26° = 10.24 m.

(6) A 4.5 meter long ladder makes an angle of 23° with a wall. How far is the foot of the
ladder from the wall?

Solution. Writing d for the distance between the foot of the ladder and the wall, we have

sin 23° = % = d=45s5n23°~1.76 m.
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Exercises

1. Find the trigonometric functions of # in the following right-angled triangles.

2. Find the exact value of:

(a) sin®30° + cos® 30°

(b) cos45° sin 30° cot 60°

(c) tan30°(sin 60° — cot 30°)

(d)

(e) (cot30° — tan45°)(tan 60° 4 cot 45°)

csc 45°(sin 45° + cos 45°)

3. Find z.

/j/l 3 T
A 4° C 40°
xXr
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10.

B
13
78
T
3 A=725 5° o
(c) (e)
22
Y
()
2

. A ladder leaning against a wall makes an angle of 58° with the ground. If the ladder

is 5 meter long, how far is the foot of the ladder from the wall?

If a 4.5 meter long ladder makes an angle of 63° with the ground, then how high up

the wall does it reach?

How many meters of shadow does a 155 meter high building cast if the angle of elevation
of the sun is 34°7

. What is the height of a tree if it casts 12 meter shadow when the angle of elevation of

sun is 29°7

Find the distance between a boat and a 17 meter tall lighthouse where the angle of

elevation from a boat to the top of the lighthouse is 21°.

From a point 25 meter far from a building the angle of elevation to the fifth floor is
26° while the angle of elevation to the top of the building is 67°. What is the distance
between the fifth floor and the top of the building?

If a 35 meter cable is attached from a point on the ground to the top of a telephone
pole with the angle of 75°., find the height of the pole.
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Final Answers

Chapter 1
Section 1.1
1. (a) 6 (g) —315
(b) —20 (h) 0
(c) —8 (i) 10
(d) —19 (i) —6
(e) —82 (k) —4
(f) 88 1) —31
Section 1.2
1 —15
L@ ® <5
32 23
(b) ? (h) 421_4
(c) ﬂ7 (i) 3
— L 23
(d) % (i) %—g
(e) @ (k) g
6 3 1) 36
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Section 1.3

o
— |© —~ I~
o | - |©
2_1;1__20;1
e
—~ —~ ))\m.'.}
E = Bz E
o —_ &
o
_ © _ _
S~—
LO
—
o 7o~
o & | 8 ~ & o

Y~ N N /N

~— ~— O  —~ T ~—

Chapter 2

Section 2.1

0
N ™
[«] Yo —
D 0 — =) [}
© = =) < 8|~ | =
S ele DB P SR BlE s 2SS
0_02 498M & MITUS_Q $2 o —
3 | ) I < — _ _
Gh e Az 2 22 =z 2 z E
o) el ©
~ S 932374 bioo
— | © ™~ S D 3
— 8= > 8% Lol o s S =5[]
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Section 2.2
1. (a) 43 + 2% —dr + 1 (n) 1422 — 207 + 6

(b) a*+a*>—a (0) 22— 2% — 3

(c) 3y =2y’ (p) 32% —5zy — 2y

(d) 42 — 10z + 14 (q) 255 + 2522 — st — 3t

(€) —2a2 — 2a + 60 b 6 a1

(f) —da® +72® + T + 1

(g) —b*+b*—20° —5b (5) 627 —6a’y + 3a®y — 32%y”
(h) 1322 + l4ay — 18y (t) 2u® —u®—4u+3

(i) 32+ 22%y + 6xy® + 2xy (w) ' =22 422+ 72 -7

(j) 243 — 12a%b + 16ab — 3b (v) 2% —9y> + 11y — 3

(k) 8t° — 104 + 263 — 5t + 12¢ (w) 32% —22° — 22 + 4z — 10
(1) Ba2y? — xy® — 222 (x) 3a%+ 622y + 2zy — 20y — 1
(m) 3a? + 16a — 35 (v) 120° + 2022y + 1822 + Sz + 122y

2. (a) 22+6x+9 (k) 922 — 4y

(b) 42?4+ 4x+1 (1) 252* — 4

(¢) 162% — 8z +1 (m) 1622 —9

(d) 4a* —12zy + 9y (n) 9a — 4y

(e) 1— 6z + 922 (0) y*+8

(f) 2522 +30z+9 (p) z®— 27

(g) 162% + 24z +9 (q) 8% —1

(h) 422 + 20zy + 25y (r) 274% 18

(i) 2*—4 (s) 1252% — 3

() da® -1 (t) 8z°+27y°

(@) P4t (c) 8y*—6y>+3y—1

(b) z*—22%+41 (d) 8z3—13
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— 162* — 2z
(i) z*—y*
(j) 2zt —4a® -7

()

—a?+12a+ 13
23 =322 +3r—1

)

(g) 1+ 1222 + 6 + 83

(e)
(f

Section 2.3

~—
—
o
I_I
8
N~—
_
—~
— —~
_y\nl — ~ o~ 13_4) _4_1_1
+ S + > 'y 0 8
S + N + + 5 + s |3 8 o
=« 82 8 = = o —_ 2 O O = o Z »m — n
— X ZE &L =X =2 o 2 - —_~ ~ = —~ I N = — —~
s + T3 o+ 4T g + o0 L sy
= o > 3 0B 0 B 0> 8O3 o+ g > Y o5 4@
D - 8 8 N N w8 T T TS T T i D T S - T
D~ o0 O @ Z O L L R — o o O AN e O
2SS EEETEZEEE E£EEEZEEEZEZEE
—~
=
nﬂd) \./4
555
— N —~ o)
2 T2 A~ S - =
P 243 —~ o~ ™~ o~ o~ o~~~ N D>
=T = + 1 T e e e
\l/_2y|_l_2a3_xx2$ I_I___l_ll_l_l_lxxx
= N 3x52( B >SOO8 O3 8 0 8 = =
™ 9 S o~ —_ = —_ DO D S D e D T ™
a_2x_3)\./1 = == =X =X == = =X =X 2 D D>
_mu\xo#\3494\15_ » B N A m D
Sy =8 s 3oty + + o+ 0+ +
I T I
M67x24xwu\nw(x\(x\@ E s 28 EE2EEEE
EECE2EEEREES E2E2ZEEeaEesE
— N
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(x —6)(z + 6)
(22 — 1)(2z + 1)
(5x — 7)(bx +T7)
(1—38y)(1+8y)

(4dx — 11y)(4z + 11y)
(2y —5)(2y +5)

(% = 3y)(2® + 3y)
(2ab — 1)(2ab+ 1)
(z—5)

(t
(

+11)?

z—3)*

8z (4x — y)(4x +y)
10z(z — 3)(2* + 3z +9)
2?(x —1)(z+1)

(x —1)(x+1)(x +3)
(x+1)(—6z—1) = —(x+1)(6x+1)
(x=3)(y—2)(y+2)
(t—2)(t—1)(t+1)

(32 — 2)(2z — 3)(422 + 6z + 9)
22%y(3 — 2x)(3 + 2z)

(x =3)(z+3)(x —2)(x+1)

Section 2.4

2y

3xy

(x —2)(z +3)
72*(x +5)(x — 4)
(x—2)(2*+22+4)(x+2)(z* —22+4)

(1) (2z +5)?
(m) (62 —1)°
(n) (1-—2x)?
(0) (4y—7)?
(p) (3z—4)?
(@) (z—2)(2® + 22 +4)
(r) (z+3)(2*—3z+9)
(s) (2z —5)(4z* + 10x + 25)
(t) (3t—4)(9¢* + 12t + 16)
(w) (2z + 3y)(42? — 62y + 9y?)
(v) (5a — 4b)(25a* + 20ab + 16b?)
(k) (a+0b)3(a® —ab+?)
(1) 42+2z)(1—x)
(m) (5 + 3)(bx + 11)
(n) (2% —=5)(x*+4)
(0) (2> +4)(z—2)(z +2)
(p) 6xy(2z + 1)(x — 3)
(q) z(z—4)(2z — 3)(42? + 62 + 9)
)
)
)

(d) x+2
—(x +5)

(¢) x4+ 3
—(4+y)

R
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202 —3x +4
(x—1)(x+1)(x —2)
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| WIN O b~

(=}

-
| L

13\f —2v5
26\/3 —15v2

gl s

| 81—

(f) —3v2—4V5

(8) 2v5

(h) 22v2 411
(i) 12v/3 —9V11
)

(j) —42V2 +42V5
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(k) 14 (s) 7
(1) 6v3—6 (t) =445
(m) —99 (u) 8V10 —6v2 —8V15+6V3
(n) 3v2+12 (v) —45+18V6
(0) 12v/6 — 12 (w) 3+2V2
(p) 18V2+2v30 (x) 21— 66
(@) — (v) 29— 4v30
(r) 11 (z) 30 — 126
) (h) 3v/5z*
(b) 2*Vz (i) 9a%v°
(c) 4y° () a=b
(d) z*Vz (k) 3v222 — 23z
(e) abVb (1) 5av/3b — 3bv/5a
(f) 3v/22? (m) 32v6 + 6y/zy + 62%/y + 22yV62
(g) 22° (n) 9z + 64/22y + 2y
o (a) V2 \/_ 1+3
(i)
(b) %\/g () 2\/5 —1
© 3¢5ﬁ (k) 2(5 4 2v/3)
(d) 3v5 0 51;2;([
(e) —3V15 (m) 3
(0 \/§3+3 (n) 11 _Sﬁ: 6\/57 11
(g) 3v2-3 (0) 3—V6
4(54+/3) 10v/3 + 6v/15 — 9v/5 — 15

(I ) —
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Chapter 3

Section 3.1

o
_
(ap)
f ™ — N len —
o
X _¢_3 __37_24 wist L= 1 5 s e
I I I Il I I I I I I Il
) ) 8 SRS 8 8 8 4+ R 8
E L & Z 2 2 £ 2 =2 B X
-
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5. 43

6. 16

7. 21

8. 12

9. 15, 17 and 19

10. —1, 1 and 3

11. -8, —6 and —4

12. 8, 10 and 12

13. 13

14. =2

15. 6

16. 22

17. 5

18. 2060, 4120 and 5820 respectively.
19. 10 ($10 bill) and 17 ($5 bill.)

20. 56 nickels, 28 dimes and 23 quarters.

Section 3.2
1. (a) A=30.855 (f)C:_?%:—286
(b) w=2.38 (g) a=+5
(c) r=128.03 (h) a =25
d) C=24.44
( i (i) h= 1.065
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2. (a)b=P—-a—c 24
a P2 W h=375
(b) w= 24
v () b="-B
(c) h=7- o 2A - B)
(d) z=2y—=z h
(e)'r’:é—lzu (I)C:g(F—?)Q)
0 m:py—b ! (m) A=b(1-0C)
g (n) z=2(z* —y)
(8) r=R—-5 ©) :gi
A-P
(h) t=—- (p) b=+Va2 -
3. r=228

4. w=155,1=175

5. h =6.93
6. h =198
Section 3.3
1. (a) x=5,y=-1 (Dx:;y:%
(b) =2, y=-1 (m) x =5, y=-2
() z=1y=3 (n) No Solution.
(d) =4, y=2 (0) x=3, y=-7
e)z=1 y=-3
) e=-1y _4 (q) No Solution.
(g)$:2,y:§ (1")1‘27,?/:—3
(h) Infinitely many Solutions. ) 1 4
S) x=——, y=~—
() z=2 y=0 949
12 —4
N _ ) g = =2 -4
() #=0,y (t) e=17- 9=
)
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10.

11.

12.

13.

14.

15.

16.

17.

(v) 2 =2, y=—-7 (x) x =26, y=49

(w) z=-1, y=2 (y) ©=-0.75, y =125

78 and 33

24 and 48

.1l and 7

53 and 17

56 and 42

125° and 55°

84° and 6°

3876 boys and 4297 girls.

10 ($12) and 8 ($7)

21 ($10) and 21 ($5)

73 loonies and 27 quarters.

72 quarters and 28 dimes.

$1 regular and $2.50 premium.

$6.25 turkey sandwich and $1.90 french fries.
$0.65 wheat flour and $0.70 rye flour.

$18 members and $29 non-members.

Section 3.4

(a) 2 =1++3 (e) a=5++3
(b) z -3+ V21 :51\/ﬁ

2
(c) = =+3V2
(d) z=2+7 (8) v
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(0) o =—5+2V2

(p) y =6+ V11

(@) 2= N2
2

() o= LEVSS
2

() o= 2LV
2

(t) No Solution.

(1) a=9
-5
(m) z=
(n) x =46
(o) y==+11
7
(p) -’K:i§
(q == orx:_—3

10

(t) szor:c:§
(w) 2=—-1loraz=-5

9 —1
(g) t:§0rt:7
) r= 12V
(i) 2 =—6+4V3
(G) z=—-T+3V2
(k) z=5+4v2
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

4 -2
(a) x:§orx:?
() o = LEVA
(c) x=0, x==+1o0r z =43
(e) x:ﬁorx:\g
(1) o = 223

k=12, =6
k=—-4 z=-1

ke -4 o= —1-5

k=1, 2=1-+2

12, 13, or — 13, —12
6, 8 or —8, —6

11, 13, or —13, —11
6, 7, 8or —8, —7, —6
—-12, 1

1+v3

4, bor —3, —2
-5 2

373
—14+V2

7, —1

15, 18 or — 18, — 15

11
h =0 =4+ —
(h) = or x 1

(i) t=—-3o0ort=-5
) z=0o0r z=3+2
)

(k) z =42 0r . = +2V2

3v2 £4/30
(1) y=——""5
1
(m) z=qorz=g
(n) No Solution.
(0) = 1++21
10



20. 45
21. 17
2 w=3 =7
23. P=42
2% w=3 =16
25. b=20
26. b=6v17—6, h=2+2V17
27. 13+ V67, 13 — V67
28. (a) z =2
1 21
(b) z = +2\/_ ~ 2.79
(c) z=T7
(d) = =65~ 13.42
Section 3.5
1. (a) z=-1
(b) z=0
() y=1
(d) z=-2
(e) No Solution.
17
f) 7= —
1
(8) == 5
(h) y=17
2. (a) x:§orm:3

(b) x=—-3or x =12

(c) z=2o0rz=>5
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(h)x:—gorx:2 (n)x:_§orx:1
(i) z=7 9+ /105
() ==~
(j) z=—-5o0orxz=0
11 £+/241
1 25 (p) &= —— V=2
(k)$=—§orx:§ 6
-9+ 4113
(1) v =—2+52 (@) 1= ——5—
3. 48
4. —2o0r 6
5. =2, =1, 0o0r0, 1, 2
6. 3/8 or 8/3
7.6/7 or 7/3
8 (a) z=1
(b) =2
(c) =22+ /481
Section 3.6
1. (a) x=19 (k)x:10rx:}l
(b) No Solution 1) z—1ore=s
)= (m) z=0o0r z=—1
(d) ==+v13
(n) =5
() z=—4doraz=2 9
(g) z=00rz=4 (p) z=0o0rz=
(h) =5 (q) z=3
(1)1':001‘%:3 r>x_3
) )
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(e) —2.41703

0.68260

(f) 7.61471
(g) —0.22949

(h) —0.05555

—0.63092
—1.04139
0.61666

¢
d

(e) 1.63093

2.32193

a
b

(f) —1.19499

(g) 0.39795
(h) 2.64654

1.09861

—0.69897
2.19315

c
d
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Section 3.8

L (a) o>-13  [~13,00);
(b) =< =2 (—o0, —2);
() v<—%  (—o0, =5k
(d) ==9; [9,00);
() <=3  (—00,=3;
(f) z>11;  (11,00);
(g) =>1; [1,00);
(h) =< (—o0,—%);
(i) =<0 (=00,0);
G) =>8  [8,00);
(k) = >20;  (20,00);
1) 5<z<9  (59);
(m) —3<w<i (=33
m) —i<z<2 [-12);
(0) 75< [7,3);
(p) —2<ax<-2; [F,-2]
(@) —6<xz<12  [-6,12);
() —3<z<-—3 (3,3
O -h<osh Chi

13
i)
@
—3/8
)
—3
1 g
bl
T 23
2
\-E) >
%
S0
5 “9 g
3 '§
2
o
—% 9
o o .
7 3
® °
—3 9
L
—6 12
3 1
3
o
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Chapter 4

Section 4.1

1.

10.

11.

12.

13.

14.

(a) V52
(b) V13
(c) 10v/2
(d)
(e)

. 5+3vV5+2V10

28

6/5

. 457

AB = AC =17
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15. Note AB = /65, AC = /20, BC' = /45, and AB?* = AC? + BC?.

Section 4.2

1. (a) Yes (c) Yes (e) Yes
(b) Yes (d) No

2. (a) Yes (¢) Yes (e) Yes
(b) No (d) Yes (f) No

3. (a) Yes (d) Yes (g) Yes
(b) No (e) No (h) No
(¢) Yes (f) No (i) Yes

4. (a) D={-7,-1,0,2,3} and R = {0,2,3,4}
(b) D ={-3,-2,0,3,5} and R = {—3}

() D=R=1
5. (a) —3 (b) 2 (c) 0 (d) z=-3
6. (a) 2 (b) 32 () 1 (d) 2 =19
7. (a) 2 (b) 2 (c) 8 (d) n=20

8. (a) D, ={2,3,5,7,11,13,17,19,23} and R, = {1,2,4,8, 16,32, 64, 128,256}
(b) Dy ={0,1,3,7,9,11,14,20} and R;, = {1,2,6,7,8}
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(h) undefined, undefined, undefined and 1 respectively

(i) —=5/7, —3/4, —1/3 and 5/12 respectively

(j) 1/27, 1/9, 1/3 and 9 respectively

10. (a) (—=1,—1) and (1/3,3)

(b) (~2,11) both

11. (a) 0
12. (a) —1
13. (a) 0

14. (a) —23
15. (a) —2

16. (a) 9

17. (a) 14

18. (a) —1/2

19. (a)

20. (a) R

Section 4.3

(e) R\ {3}
(f) R\ {-1/2}

1. (a) m=-2, y=-2rv+11

y

(c) =0

(c) =0, 4

(c) =0
(c) —16 (d) = =6/7
(c) 136 (d) z=—2, 1/3
(e) 8 (g) 1
(f) 9
(c) —3a—1 (d) —3a +4
(c) (x—2)/2 (d) (z—1)/2
(c) 2; T 11 (d) 2(2151)
(g) [1,00) (j) (1,00)
(h) (—o0,2] (k) (=2,00)
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—2x

(b) m = _27 Yy

—2x

(C) m = _2a Yy

6, y=6x—9

(d) m

/4

(e) m= _17 Y
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-2
(f) m= y:?x—|—5, or 3y=—-2x+15

(h) m=— y=—oz-—35, o 2y =—-3zx—1
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10.

11.

12.

13.

14.

15.

16.

(j) m is undefined, z = —1

cy=-—2r+3
=5 T—3 or = —I —
Y 3 3 y
2 14 . ) ”
: =-T— — or = 2r —
Y 5 5 y
5} 17

) 3,01r Yy T

1
92595—2, or 2y=x—4

(b) and (c)

(b), (c) and (d)

y=—3r—25
2
=Zr-3
Yy 3I
y=—4
=3
y:—x——7 or 2y:x_5
-2 14 5 ) »
= Q7T — or = —2r —
Yy 3 7 y
r=—3
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17. y = —1

3
18. m1:m2:§

3 -2
19 m1:§7 mgz?
20. k=—4
2. n=-14
22. a=6
—10
23. k= —
3
2 5
24.y:§x+§, or 3y=2x+5

25. y = §x+4, or 5y =3z +20

2. f(—3) = —4

27. (a) Yes, it is, (b) f(2) = 11.5, (c) z = 4.6

98. f(50) = 40, f(85) = 82

29. (a) y = 3z + 50, (b) y = $2000

30. y = f(z) = g £(210) = 42, f(105) = 21

31. C(z) = 2.25z + 755, C(1027) = 3065.75

32. y = f(z) = 1.252 +3.25, f(0) =3.25, f(8)=13.25, f(18) =25.75

33. (a) 12000, (b) 53325, (c) almost 32 years.

Section 4.4

1. (a) The vertex: (0,0)
The y-intercept: (0,0)

The x-intercepts: (0,0)
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The axis of symmetry: z =0

The range: [0, 00)

The vertex: (0, —4)

The y-intercept: (0, —4)

The x-intercepts: (—2,0) and (2,0)
The axis of symmetry: x =0

The range: [—4, 00)

The vertex: (0,0)

The y-intercept: (0,0)

The x-intercepts: (0, 0)

The axis of symmetry: z =0

The range: (—o0, 0]

The vertex: (0, 3)

The y-intercept: (0, 3)

The x-intercepts: (—/3,0) and (v/3,0)

The axis of symmetry: x =0

The range: (—o0, 3]
3 =9

The vertex: (5, 7)

The y-intercept: (0,0)

= (1.5, —4.5)
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The x-intercepts: (0,0) and (3,0)
The axis of symmetry: z = 1.5

The range: [—4.5, 00)

The vertex: (2, —1)

The y-intercept: (0, 3)

The x-intercepts: (1,0) and (3,0)
The axis of symmetry: z = 2

The range: [—1,c0)

The vertex: (—3,—4)

The y-intercept: (0,5)

The x-intercepts: (—1,0) and (—5,0)
The axis of symmetry: z = —3

The range: [—4, c0)

The vertex: (g, _?1) = (0.7,-0.3)
The y-intercept: (0,1)

The x-intercepts: (0.3,0) and (1,0)

The axis of symmetry: = = 3

1
The range: [— 3 +00)
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(i)

The vertex: (2, 3)
The y-intercept: (0, —1)
The x-intercepts: (0.3,0) and (3.7,0)
The axis of symmetry: z = 2
The range: (—o0, 3]
5 49
The vertex: (6, E> = (0.8,4.1)
The y-intercept: (0,2)
The x-intercepts: (—%, 0) and (2,0)
The axis of symmetry: z = 0.8

The range: (—o0,4.1]

The vertex: (1,5)

The y-intercept: (0,3)

The x-intercepts: (—0.6,0) and (2.6,0)
The axis of symmetry: z =1

The range: (—o0, 5]

The vertex: (%,0)

The y-intercept: (0,1)

The x-intercepts: (%,O)

The axis of symmetry: z = %

The range: [0, +00)

<
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2. (a) f(3)=0,(b) f(-3)=12,(c) z=—-2and z =4
3. f(=1)=5, f(0)=0, f(§)=0, f(3)=-1
4. f(z) =2? — 22— 8
5. f(z) = —a2* -1
6. f(z)=22%— 4z —2
7. The pairs are 8 and 8. The maximum product is 64.
8. The pairs are 16 and 16 and the maximum product is 256.
9. The numbers are —12 and 12. The minimum product is —144.
10. The width=The length=150 meter. The maximum area would be 22500 m?.
11. The width=The length=40 yards. The maximum area would be 1600 y?.
12. f(25) = $2064.50, The fixed cost is $752.
13. The maximum revenue $2500 will be obtained in producing and selling x = 500 units.
14. The maximum daily profit is $1200 obtained of selling 75 cabinets.
15. After t = 2 second the ball reach its maximum height A~ = 96 meters. And after almost
t = 4.5 seconds it hits the ground.
16. The maximum height will be 22.5 meters after ¢ = 3 seconds.
17. The height of platform is 9 meters. She will hit the water after ¢ = 5 seconds and her
maximum height is 16.2 meters after ¢ = 2 seconds.
Chapter 5
Section 5.1
5 12 5 13 13 12
1. (a) sinf = el cosf = el tanf = o cscl = T secf = o cotf = 5
4 3 4 5 5 3
(b) sinf = e cosf = R tand = 3’ csch = 7 sec = 3’ cotf = 2
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10.

(c) sin@zl, cos@zﬁ, tan@zﬁ, cscl =2, SGC@Z%, cot 0 = v/3
2 2 3 3
(d) sinezﬁ, 0088:%, tanﬁzl, cscd = /5, secezﬁ7 cotf =2
5) 5) 2 2
V2 V6 1
- (@) 1, (b) W3 12 () =35, (d) 2, (e) 2

(a) x =445, (b) 2 =420, (c) z=7.82, (d) =534, (e)x=112.65

. 2.65 meters

. 4.01 meters

229.80 meters

6.65 meters

. 44.29 meters

. 46.71 meters

33.81 meters
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Some Formulas

Rules for Exponents
1

a®=1, a"=— (a#0)
aTL

b

(a)-n_ b\" a”™ b

b “\a/) ' b am
Special Products / Special Factors
(a+b)* = a* + 2ab + b
(a —b)* = a* — 2ab + b*
a? —b* = (a —b)(a +b)
a® +b* = (a+b)(a® — ab+ b*)
a® —b* = (a — b)(a* + ab + b?)
Radicals
T = VI

JE N
"L‘? = \/ :Um = (%)Tﬂ
Square Root Property
If X2=F and k > 0 then X = £Vk.
Quadratic Formula

b+ VA

A =b* — 4ac, :1::2—\/—

a

Parabolas

The x-coordinate of the vertex z, = %0
a

Lines
General Formula Az + By =C
Standard Formula y=mx+0b

Point-Slope Formula y — y; = m(z — x1)
Y2—U
To — X1

Slope Formula m =

Distance and Midpoint

d= /(22 — 31)> + (12 — y1)?
(1’1 + 22 Y1+ Yo

2 72

Pythagorean Formula

C

a a® + b =¢?

Area and Perimeter of Rectangle

A=/{w

v P =20+2uw
14

Area and Perimeter of Triangle

bh
- P=a+b+c

Area and Circumference of Circle

C =2nr
A = 7r?

Logarithms

logpy=2 <= 0" =y
Common Logarithm  log;qx = logz
Natural Logarithm log,z =Inx

log,a =1, log,1=0, log,a" ==z

| logy Iny
O = = —
809" Togb b
Trigonometric
B
c
a ® 1% a
sinA=—, cosA=-, tanA=—
c c g
CSCAZE, secAzg, cot A = —
a b a



